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Abstract. 



In this paper we find a class of solutions of the sixth Painleve equation appearing in the theory of 
WDVV equations. This class covers almost all the monodromy data associated to the equation, except 
one point in the space of the data. We describe the critical behavior close to the critical points in terms of 
two parameters and we find the relation among the parameters at the different critical points (connection 
problem) . We also study the critical behavior of Painleve transcendents in the Elliptic representation. 
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1 Introduction 



This paper was completed in May 2001, at RIMS, Kyoto University. It is published in J. Math. Phys. 
Anal. Geom. 4: 293-377 (2001). I put it on the archive with 9 years delay, for completeness sake. In the 
meanwhile, there have been several progresses. Nevertheless, this paper contains an important detailed 
analysis which has not been repeated in subsequent papers. 

This work is devoted to the study of the critical behavior of the solutions of a Painleve 6 equation 
given by a particular choice of the four parameters a, /3, 7 S of the equation (the notations are the 
standard ones, see [18]): 
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Such an equation will be denoted PVI^ in the paper. The motivation of our work is that (1) is equivalent 
to the WDVV equations of associativity in 2-D topological field theory introduced by Witten [39], 
Dijkgraaf, Verlinde E., Verelinde H. [6]. Such an equivalence is discussed in [9] and it is a consequence 
of the theory of Frobenius manifolds. Frobenius manifolds are the geometrical setting for the WDVV 
equations and were introduced by Dubrovin in [7]. They are an important object in many branches of 
mathematics like singularity theory and reflection groups [34] [35] [12] [9], algebraic and enumerative 
geometry [24] [26]. 

The six classical Painleve equations were discovered by Painleve [31] and Gambier [15], who classified 
all the second order ordinary differential equations of the type 
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where 1Z is rational in x and y. The Painleve equations satisfy the Painleve property of absence of 
movable branch points and essential singularities. These singularities will be called critical points; for 
PVIp they are 0,1, oo. The behavior of a solution close to a critical point is called critical behavior. The 
general solution of the sixth Painleve equation can be analytically continued to a meromorphic function 
on the universal covering of P 1 \{0, l,oo}. For generic values of the integration constants and of the 
parameters in the equation, it can not be expressed via elementary or classical transcendental functions. 
For this reason, it is called a Painleve transcendent. 

The critical behavior for a class of solutions to the Painleve 6 equation was found by Jimbo in [20] 
for the general Painleve equation with generic values of a, (3, 7 5 (we refer to [20] for a precise definition 
of generic). A transcendent in this class has behavior: 

y(x) =<z(°V- ff <0) (1 + O(|af )), x^O, (2) 

y(x) = l-a( 1 \l-x) 1 -° <1) (l + 0(\l-x\ s )), x -> 1, (3) 
y(x) = a^x-° (oo) (l + 0(\x\- s )), x -> 00, (4) 
where 5 is a small positive number, and crW are complex numbers such that aW ^ and 

< 9fJcr W < 1. (5) 

We remark that x converges to the critical points inside a sector with vertex on the corresponding critical 
point. 

The connection problem, i.e. the problem of finding the relation among the three pairs (a-W,aW), 
i = 0, l,oo, was solved by Jimbo in [20] for the above class of transcendents using the isomonodromy 
deformations theory. He considered a fuchsian system 
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such that the 2x2 matrices A^x) (i = 0, x, 1 are labels) satisfy Schlesinger equations. This ensures that 
the dependence on x is isomonodromic, according to the isomonodromic deformation theory developed 
in [21]. Moreover, for a special choice of the matrices, the Schlesinger equations are equivalent to the 
sixth Painleve equation, as it is explained in [22]. In particular, the local behaviors (2), (3), (4) were 
obtained using a result on the asymptotic behavior of a class of solutions of Schlesinger equations proved 
by Sato, Miwa, Jimbo in [33]. The connection problem was solved because the parameters crW, were 
expressed as functions of the monodromy data of the fuchsian system. For studies on the asymptotic 
behavior of the coefficients of Fuchsian systems and Schlesinger equations see also [5] . 

Later, Dubrovin and Mazzocco [13] applied Jimbo's procedure to PVI^, with the restriction that 
2/i ^ Z. We remark that this case was not studied by Jimbo, being a non-generic case. Dubrovin and 
Mazzocco obtained a class of transcendents with behaviors (2), (3), (4) (again, x converges to a critical 
point inside a sector) and restriction (5). They also solved the connection problem. 

In the case of PVI^, the monodromy data of the Fuchsian system, to be introduced later, turn out 
to be expressed in terms of a triple of complex numbers (xo, x\, £00)- The two integration constants in 
y(x) and the parameter it are contained in the triple. The following relation holds: 

x 1 + x i + x 1d ~ xoxixoo = 4sin 2 (7Tit). (6) 

There exists a one-to-one correspondence between triples (define up to the change of two signs) and 
branches of the Painleve transcendents. 1 In other words, any branch y(x) is parameterized by a triple: 

y(x) = y(x;x ,xi,Xoo). 

As it is proved in [13], the transcendents (2), (3), (4) are parameterized by a triple according to the 
formulae 

x 2 t =4 sin 2 , » = 0,l,oo, 0<3farW<l. 

A more complicated expression gives aW = (x , x\, Xoo) in [13]. We recall that a branch is defined 
by the choice of branch cuts, like | arg(x)| < n, | arg(l — a;)| < n. The analytic continuation of a branch 
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when x crosses the cuts is obtained by an action of the braid group on the triple. This is explained in 
[13] and in section 6. 

As we mentioned above, it is very important to concentrate on PVI^ due to its equivalence to 
WDVV equations in 2-D topological held theory, and due to its central role in the construction of three- 
dimensional Frobenius manifolds. It is known [9] that the structure of a local chart of a Frobcnius 
manifold can in principle be constructed from a set of monodromy data. To any manifold a PVIp. 
equation is associated and the monodromy data of the local chart are contained in /j, and in the triple 
(xo,xi,Xoo) of a Painleve transcendent. The mentioned action of the braid group, which gives the 
analytic continuation of the transcendent, allows to pass from one local chart to another. 

The local structure of a Frobenius manifold is explicitly constructed in [17] starting from the Painleve 
transcendents. In [17] it is shown that in order to obtain a local chart from its monodromy data we need 
to know the critical behavior of the corresponding transcendent in terms of the triple (xo, Xi, x^) (note 
that this is equivalent to solving the connection problem). 

Recently, Frobenius manifolds have become important in enumerative geometry and quantum co- 
homology [24], [26]. As it is shown in [17], it is possible to compute Gromov-Witten invariants for 
the quantum cohomology of the two-dimensional projective space starting from a special PVI^, with 
/i = —1. In this case the triple is (xo,xi,Xoo) = (3,3,3), as it is proved in [10] and [16]. Due to the 
restriction < SRcr^ < 1, the formulae for the critical behavior and the connection problem obtained by 
Dubrovin-Mazzocco do not apply if at least one Xi (i = 0, l,oo) is real and \xi\ > 2. Thus, they do not 
apply in the case of quantum cohomology, because xt = 3 and SFta-W = 1. 

Therefore, the motivation of our paper becomes clear: in the attempt to extend the results of [13] to 
the case of quantum cohomology, we actually extended them to almost all monodromy data, namely we 
found the critical behavior and we solved the connection problem for all the triples satisfying 

Xi^±2 cr w ^ 1, i = 0,l,oo. 

In order to do this, we extended Jimbo and Dubrovin-Mazzocco's method and we analyzed the elliptic 
representation of the Painleve 6 equation. 

1.1 Our results 

We observe that the branch y(x;xo,xi,x 00 ) has analytic continuation on the universal covering of 
P 1 \{0,l,oo}. We still denote this continuation by y{x;XQ,x\,x (yo ), where x is now a point in the 
universal covering. Therefore: 

There is a one to one correspondence between triples of monodromy data (xo, x\, Xoo) (defined up to 
the change of two signs) and Painleve transcendents, namely y(x) = y(x;x ,xi,x oc> ), x € P 1 \{0, l,oo} 

We mentioned that if we fix a branch, namely if we choose branch cuts like | arg x\ < it, | arg(l — x)\ < 
n, then the branch of y{x;xa,xi,x 00 ) has analytic continuation y{x;x' Vl ,x l 1 ,x l 00 ) in the cut plane, where 
(x^x'^x^J is obtained from (xo,xi,Xoo) by an action of the braid group (see section 6 for details). 

We obtained the following results 

1) ^4 transcendent y(x; xo, x\, x^) such that \xi\ 7^ 2 has behaviors (2), (3), (4) in suitable domains, 
to be defined below, contained in C\{0} ; C\{1} 7 P 1 \{oo} respectively. The exponent are restricted by 
the condition o"W ^ (— oo,0) U [l,+oo), which extends (5). 

2) The parameters , aW are computed as functions of (xo, Xi, and vice versa, by explicit 
formulae which extend those of [13] 

3) If we enlarge the domains where (2), (3), (4) hold, the behavior of y{x;XQ,X\,x 00 ) becomes os- 
cillatory. The movable poles of the transcendent lie outside the enlarged domains. In proving this, we 
investigated the elliptic representation of the transcendent, providing a general result stated in Theorem 
3 below. 

We state result 1) in more detail. Let be a complex number such that cr*- -* ^ (— oo, 0) U [1, +oo). 
We introduce additional parameters 6\, 9 2 <G R, < a < 1 to define a domain 

D(e; a {0) -9 1 ,e 2 , a) := {x e Co s.t. |x| < e, e^ 1 ^ \xf < |x ff<0) | < e^ 2 *^ , < ~a < 1}, 
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which can can be rewritten as 

|x| < e, n<r^ log \x\ + 6» 2 3?cr(°) < 3cr(°) arg(x) < (3f?cr (0) - er) log \x\ + B^cr^ 

For real the domain is more simply defined as 

£>(ff< >;e) := {x e Co s.t. |x| < e}, for < cr (0) < 1 (7) 

For semplicity, we study the critical behavior of the transcendent for x — >• along the family of path 
defined below. Such paths start at some point xo belonging to the domain. If 3cr = any regular path 
will be allowed. If 3ct ^ 0, we considered the family 

JRcr (0) - £ Id 

|d, < \x \ < e, argx = argx H ^-t^ — In- — -, < £ < (8) 

xsay") \xo\ 

The condition < S < a ensures that the paths remain in the domain as x — > 0. In general, these paths 
are spirals. 

Theorem 1: Lei ^ 7^ 0. For any er( 0) ^ (-00, 0) U [l,+oo), /or any a^ ) e C, a( 0) 7^ 0, /or any 
01, #2 € R and for any < a < 1, there exists a sufficiently small positive e and a small positive number 
S such that the equation (1) has a solution 

y(x;o- (0) ,a (0) ) = a{x) x 1 ^'" (l + 0(\x\ s )) , < 5 < 1, (9) 

as a; — > along (8) in the domain D(e; cr^ -' ; #1, #2, cr) defined for non-real , or along any regular path 
in D(e;aW) defined for real < < 1. The amplitude a{x) is 

a(x) := a (0) , for < £ < a, or for real ct (0) 

a(x) := a<°> (l + ^) l*f 1^ + I^o)p l*T l 2 ^) = 0(1). / or = = (10) 

where we have used the notaion a(x) to denote the real phase of x al ' = \x a | e la ^ = |xq ( | e la ( x \ 
when £ = 0. 

Note that in the case (10) we can rewrite 

y(x; *W , a<°>) = sin 2 lnx - 1 ln(4a<°>) - |) x (1 + 0(|x| 5 )) (11) 

For brevity, we will sometime denote the domain by D(o~(°>). The condition [i 7^ is not restrictive 
because PVI^o coincides with PVI^—i. 

From Theorem 1 and the symmetries of (1), we prove the existence of solutions with the following 
local behaviors 

y(x,o- (1) ,o (1) ) = l-a«(l - x) 1 -^ (1 + OQl - x\ 5 )) x^l 
a (1) ^0, cr (1) £ (-oo,0)U [l,+oo) 

and 

y(x; a (oo) , a (oo) ) = a^x^' (\ + (ri )) * "> 00 

a (°o)^ , a (oo) £ (-oo,0)U [l,+oo) 

in domains D(a^), D(a^) given by (50), (47) respectively. 

The critical behaviors above coincide with (2), (3) and (4) for < SFtoW < 1, i = 0, l,oo. But our 
result is more general because it extends the range of ct« to 3£er« < and 5Rct« > 1. For this larger 
range, x may tend to x = i (i = 0, l,oo) along a spiral, according to the shape of D(a^). For more 
comments see sections 3 and 7. 

Result 2) is stated in the theorem below - where we write a, a instead of a(°\a^ - and in its 
comment. 
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Theorem 2: Let (i be any non zero complex number. 

The transcendent y(x;er, a) of Theorem 1, defined for a (— oo,0) U [l,+oo) and a ^ 0, is the 
representation of a transcendent y{x; xq, x\, x^) in D(o~). The triple fxo, xi, XqoJ is uniquely determined 
(up to the change of two signs) by the following formulae: 

i) a 7^ 0, ±2/i + 2m for any m <G Z. 

xo = 2 sin( | cr) 



/(<7,/i)G(cr l( u)e 



where 



2cOS 2 (fa) 



G(tr,/i) = 



4 CT r(^±i) 2 



cos(ttct) - cos(27r^) ' v 2T(1 -fi+ f)r(/z+ f) 

,4n?/ sign of yja is good (changing the sign of \fa is equivalent to changing the sign of both x\, XooJ. 
ii) a = 

x = 

x\ = 2 sin(7T/x) \/! — a 

, x;^ = 2 sin(7r/x) 
VFe can take any sign of the square roots 
Hi) a = ±2(i + 2m. 

iiil) a = 2(i + 2m, m = 0, 1, 2, ... 

x = 2 sin(7T/u) 

. 16 ^+T (M+Tra+ i)2 ^ 
2 r(m+l)r(2/i+m) 



Xl = - 



X qq — % X ^ C 

Ui2) a = 2(i + 2m, m = — 1, —2, —3, ... 

x — 2 sm(-Kfi) 

Xl = ^cos^tt^) 16^+™r( A i+m+i)2r(-2 M -m+l)r(-m) 

£oo = — ixie" 1 ^ 
m5j <r = —2(i + 2m, m = 1,2, 3, ... 

xo = — 2sin(7r/z) 

j 16^+ m r(- M +m+l) 2 i 



Xl 



2 r(m-2/i+l)r(m) 



m^) a = —2/i + 2m, m = 0, —1, —2, —3, ... 



xo = — 2sin(7r/i) 

2=1 = 2j co S 2 ( V ) 16-^+™r(- A i+m+i) 2 r(2^-m)r(l-m) 



-zxie 



In a// i/ie akwe formulae the relation x\ + x\ 



x^xxXoa = 4sin 2 (7r/i) is automatically satisfied. 



Note that a ^ 1 implies xq 7^ ±2. Changes of two signs in the triple of the formulae above are allowed. 
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Conversely, a transcendent y(x; xq, x\, x^), such that XQ + x\ + x 2 <> —XQXix oa — 4sin 2 (7r^) 7 x,- L ^ ±2, 
has representation y(x; a, a) in D(cr) of Theorem 1 with parameters a and a obtained as follows: 

I) Generic case 

x 2 

cos(7tct) = 1 ^ 



a = 



ia(a ->> ] ' 2(l + e-^)-f(x ,x 1 ,x oo )(x 2 oo +e-^x 2 1 ) f(x ,x 1 ,x oa ) 



where 



2 sin(7rcr) 
f{x ,xi,Xoo) := f(a(x ),fi) 



2 - Xq — 2 C0S(27T^) x\ + X 2 ^ — IToXlXoo ' 

a is determined up to the ambiguity a ^ ±a + 2n, n <E Z [see Remark below]. If a is real we can only 
choose the solution satisfying < a < 1. Any solution a of the first equation must satisfy the additional 
restriction a ^ ±fl\i + 2m for any to £ Z ; otherwise we encounter the singularities in G(a, /i) and in 
/(o-, ti- 
ll) x = 0. 

a = 0, 
x 2 



X l I X QO 

provided that x\ ^ and 7^ 7 namely fi £ Z. 

I/J) = 4sin 2 (7r/x). TTien (6) implies x 2 ^ = —x\ exp(±27ri/x) . Four cases which yield the values of a 
non included in I) and II) must be considered 

III1) Ifx 2 ^ = -x\e- 2m ^ then 

= 2^i + 2m, to = 0,1,2, ... 

1 i6 2 ^ +2m r(^ + to + i) 4 

a ~ ~4x} T(m + l) 2 r(2/x + to) 2 

JJJ2; I/a£, = -x 2 e 2m ^ then 

a = 2\i + 2m, to = — 1, —2, —3, ... 

a = - co& 4 y i6 2A1+2m r(^ + to + ^) 4 r(-2/x - to + i) 2 r(-TO) 2 ^ 

imjlfxlc = -x\e 2m ^ then 

a = — 2[i + 2m, to = 1,2,3,... 

1 16- 2 ^ +2 "T(-^ + to+ i) 4 
° ~~ ~4ajf r(m- 2/i+ l) 2 r(TO) 2 

(t = -2 ( u + 2to, to = 0, -1, -2, -3, ... 

a = _ COS 4 (7T M ) i6 _ 2M+2mr( _^ + ^ + 1 )4 p (2M _ m) 2p (1 _ m) 2 x 2 
47T 2 

Let us restore the notation a^ \a^\ At x = l,oo the exponents i = l,oo are given by 

cos(7T0-W) = 1— ^ and the coefficients c^ 1 ), a' 00 ) are obtained from the formula of a = of Theorem 2, 
provided that we do the substitutions (xo, x\, Xoo) H> (xi, xo, xqX\ — x,x,), i-> and (xo,xi,Xoo) i->- 
(xqo, — Xi,Xo — XiXoo), 1 y erf 00 ) respectively. 

This also solves the connection problem for the transcendents y(x; ), because we are able to 

compute (ctW,oW) for i = 0,1, 00 in terms of a fixed triple (xq, x\, Zoo). 
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Remark : Let {xq, x\, Xoq) be given and let us compute a and a by the formulae of Theorem 2. The 
equation 

cos^ct) = 1 - y (12) 
does not determine a uniquely. We can choose a such that 

< ®.o < 1. 

This convention will be assumed in the paper. Therefore, all the solutions of (12) are 

±a + 2n, n e Z. 

If d is real, we can only choose < a < 1. With this convention, there is a one to one correspondence 
between (a, a) and (a class of equivalence, defined by the change of two signs, of) an admissible triple 

{xq , X\ , Xqq ) . 

We observe that ); namely, the transformation cr i-> ±cr + 2n 

affects a. The transcendent y(a;; x , X\, x^) has representation y(a;; a(x ), a(a; x , X\, x^) ) in D{a). 
If we choose another solution ±<r + 2n we again have y(x; xo, x\, x^) = y(x; ± cr(xo) + 2n, a(±cr(a;o) + 

ZTl^ Xq^ X\, ^oo 

) ) in the new domain D(±a + 2n). Hence - and this is very important! - the transcendent 
y(x; XojXijXav) has different representations and different critical behaviors in different domains. Outside 
the union of these domains we are not able to describe the transcendents and we believe that the movable 
poles lie there (we show this in one example in the paper). 

According to the above remark, we restrict to the case < 9?erM < i j a (i) ^ l. So the critical 
behaviors of y(x; cjW, a W) coincide with (2), (3), (4) when < Kcr^ < 1. But for Sfto-W = i the critical 
behaviors (2), (3), (4) hold true only if x converges to a critical point along spirals. 

We finally describe the third result. In the case SRctW = 1, we obtained the critical behaviors along 
radial paths using the elliptic representation of Painleve transcendents. We only consider now the critical 
point x = 0, because the symmetries of (1), to be discussed in section 7, yield the behavior close to the 
other critical points. 

The elliptic representation was introduced by R.Fuchs in [14]: 



y(x) = 



u(x) 



;u!i(x),lj 2 (x) + 



1 + x 



Here u(x) solves a non-linear second order differential equation to be studied later and lji(x), uj 2 (x) arc 
two elliptic integrals, expanded for \x\ < 1 in terms of hyper-geometric functions: 



u>\{x) 



E 

n=0 



[(*), 



(n! 



H2 



u 2 (x) = -- 



2. (n!) 2 ln ^ + A. (n!) 2 



>n=0 



n=0 



1>(n+-)-il>(n + l) 



where ip(z) := ^lnr(^). We introduce a new domain, depending on two complex numbers vi,^ and 
on the small real number r: 



V(r; v\,v 2 ) := u £ Co such that \x\ < r, 



„2-i/ 2 



162-^2 • 



< r. 



16^2 



< r 



The domain can be also written as follows: 

\x\ < r, 3?^2 In |ar| + C\ — In r < ^sv 2 arg x < (^tv 2 — 2) In |x| + C2 + In r, 

Ci := -[41n2 %tv 2 + k 9fi/i] , C 2 := Ci +81n2, 
if 7^ 0. If 3^2 = 0, the domain is simply \x\ < r. 
Theorem 3: For any complex V\, v 2 such that 

v 2 (£ (-oo,0] U [2, +00) 



7 



there exists a sufficiently small r < 1 such that PVI^ has a solution of the form 



y(x) = p{viui{x) + v 2 uj 2 (x) + v(x);w 1 (x),u> 2 (x)) + 



1 + x 



in the domain T>(r;v\,v 2 ) defined above. The function v(x) is holomorphic in T)(r;vi,v 2 ) and has 
convergent expansion 



n>l 



n>0. m>l 



16 2 "^' 



„2-i/ 2 



n>0. m>l 



16^2 



(13) 



where a n , b nm , c nm are certain rational functions of v 2 . Moreover, there exists a constant M(y 2 ) 



depending on v 2 such that v(x) < M(y 2 ) [\x\ 



+ 



r-2 - iyn <b 



16 2 -"2 ' 



16"2 



) inV(r;ui,v 2 ) ■ 



Theorem 3 allows to compute the critical behavior. We consider a family of paths along which x may 
tend to zero, contained in the domain of the theorem. If < v 2 < 2, any regular path is allowed. If v 2 
is any non-real number, we consider the following family, starting at x € 2?(r; vi, v 2 ): 



\x\<\x Q \<r, arg(x) = arg(x ) + V In j^- 

\xq\ 



3^2 



< V < 2. 



(14) 



The restriction < V < 2 ensures that the paths remain in the domain as x — > 0. 

Corollary: Consider a transcendent y(x) — p(v\UJi(x) + v 2 u 2 (x) +v(x); lo\ (x), uj 2 (x)) + of Theorem 
3. Its critical behavior for x — > m 2?(r;^ 1 ,^ 2 ) aZo^g fi^) if $sv 2 ana " < V < 2, or afong any 
regular path ifQ<v 2 <2 is: 



y{x) 



16"2- 



n -1 



16^2 -i 



„2-i/ 2 



(l + 0(s 4 )), 



(15) 



/or some < <5 < 1. If $sv 2 ^ and V = ffte behavior along (14) is: 

V{X) sin 2 (-zf lna; + [if In 16 + ^] + TZ=i^M 
If ^ and V = 2 i/ie behavior along (14) is: 

1 



16"2 



sin 2 ( z 2_^ lna;+ [,£2_2 lnl6+2 | 1 ] +^ =1 6 0m (^ 2 ) 



e ""1 r 2-i/ 2 
16 2 -" 2 x 



(l + 0(x)). 



) 



Note that (15) is 

y(x) 



16^-1 



16^-1 



(l + O^ 5 )), ifO<V<l, or0<^ 2 <l. 



c 2-^ 2 (i + 0(x s )), if 1 < V < 2, orl<^ 2 <2. 



and 



y(x) = sin 2 ( i 



2 I , 1 - Vl j n N TT^l 

2 n 16 2 



a; (l + 0(x)), 



if V = 1, or v 2 = 1. 



(16) 
(17) 
(18) 



The elliptic representation has been studied from the point of view of algebraic geometry in [27], but 
to our knowledge Theorem 3 and its Corollary are the first general result on its critical behavior. We 
however note that for the very special value /i = 5 the function v(x) vanishes; the transcendents are 
called Picard solutions in [28], because they were known to Picard [32]. Their critical behavior is studied 
in [28] and agrees with the Corollary. 

Comparing (9) with (16) we prove in section 5.1 that the transcendent of Theorem 3 coincides with 
y(x; a^\a^) of Theorem 1 on the domain D(e, a^) n T>(r; v\,v 2 ) with the identification = 1 — v 2 
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and = —\ i 6 * 2 -i (note also that (11) is (18)). The identification of and o^ * 1 makes it possible 

to connect v\ and v 2 to the monodromy data (xo, x\, Xoo) according to Theorem 2 and to solve the 
connection problem for the elliptic representation. 

The Corollary provides the behavior of the transcendents when 3ia^ = 1 (a^ 1) and x — > 
along a radial path. This corresponds to the case ^tv 2 = ^ 0), with the identification cr^ ' = 1 — v 2 



and a<°> 



16"2- 



. The critical behavior along a radial path is then: 



sin 2 (| In x - v In 16 + ^ + £~ =1 c 0ro ^) ) 



(l + 0(x)), x^O. (19) 



The number v is real, 1/ 7^ and er(°) = 1 — iv. The series J2m=i c 0m(f) ^ e e j,/ ^) 
defines a holomorphic and bounded function in the domain T>(r; vi,iv) 

\x\ < r, C\ — lnr < v &x<gx < —2 In + C2 + lnr 



converges and 



Note that not all the values of argx are allowed, namely Ci — lnr < ^arg(x). Our belief is that y(x) 
may have movable poles if we extend the range of argx. We are not able to prove it in general, but we 
will give an example in section 5. 

We finally remark that the critical behavior of Painleve transcendents can also be investigated using 
a representation due to S.Shimomura [37] [19]. We will review this representation in the paper. However, 
the connection problem in this representation was not solved. 

To summarize, in this paper we give an extended and unified picture of both elliptic and Shimomura's 
representations and Dubrovin-Mazzocco's works, showing that the transcendents obtained in these three 
different ways all are included in the wider class of Theorem 1. In this way we solve the connection 
problem for elliptic and Shimomura's representations by virtue of Theorem 2. Finally, Theorem 3 
provides the oscillatory behavior along radial paths when tfta^ = 1. 



2 Monodromy Data and Review of Previous Results 



Before giving further details about the result stated above, we review the connection between PVI^ and 
the theory of isomonodromic deformations. We also give a detailed expositions of the results of [13] [28]. 

The equation PVI^ is equivalent to the equations of isomonodromy deformation (Schlesinger equa- 
tions) of the fuchsian system 



dY 

— = A(z;u)Y, A(z-u):-- 



A x {u) A 2 {u) A 3 (u) 



Z — Ul Z — U 2 Z — 1*3 



(20) 



u := (ui,u 2 ,u 3 ), tr(Ai) = dct Ai = 0, A l = -diag(/i, -jj) 



i=i 



The dependence of the system (20) on u is isomonodromic, as it is explained below. From the system 
we obtain a transcendent y(x) of PVI^ as follows: 



u 2 -u^ y{x) _q(u)- Ul 



u 3 - Ul 



u 3 - Ul 



where q(ui,u 2 ,u 3 ) is the root of 



[A(q;ui,u 2 ,u 3 )]i2 = if [l ^ 



The case u = is disregarded, because PVI^ = o = PVI^ = i- 

Conversely, given a transcendent y(x) the system (20) associated to it is obtained as follows. Let's 
define 

fco exp{(2 M -l) f* 



k = k(x, u 3 — ui) := 



(us-ui) 2 ^- 1 



fco e C\{0}. 
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Wc have 



where 



Ai 



fa 



->13 



Vi3 



i = 1,2,3, 



(21) 



^23 



f33 



\/ll 3 - Uiyfx 

Vk^/y - x 

\Ju 3 - Uly/xy/l - X 

2 

y/U3 - - X 



i x/u 3 - uiy/y 
2/x 2 ^/k(x)V^ 



A[B + ^)+^(y-l-x) 



on 



1 y/u 3 - Ulx/y - X 
2/z 2 s/k(x)^y/T^ 



A B 



531 



i \/u 3 - uxyjy - 1 



2^ 2 yfcRyr^ 



i4 B + 



2^ 

y ~ x 

2pt 



A = A(x) :=- 



- X (x-l)-y( 



1) 



B = B{x) : 



+ fi 2 (y-l + x) 
+ fi 2 (y + l-x) 



y{y-i)(y-x) 

Any branch of the square roots can be chosen. For a derivation of the above formulae, see [22], [9] and 
[17]. 

The system (20) has fuchsian singularities at u\, U2, u 3 . Let us fix a branch Y(z, u) of a fundamental 
matrix solution by choosing branch cuts in the z plane and a basis of loops in 7r(C\{tti, 112, u 3 }; Zo), 
where zo is a base-point. Let 7* be a basis of loops encircling counter-clockwise the point Ui, i — 1, 2, 3. 
See figure 1. Then 

Y(z,u) ^ Y(z,u)Mi, i = 1,2,3, detM^O, 

if z goes around a loop 7$. Along the loop 700 := 71 • 72 • 73 we have Y i->- YM^, = M^M^My. 
The 2x2 matrices Mj are the monodromy matrices, and they give a representation of the fundamental 
group called monodromy representation. The transformations Y'(z, u) = Y(z, u)B, dct(£>) ^ yields all 
possible fundamental matrices, hence the monodromy matrices of (20) are defined up to conjugation 

M, ^ M[ = B'^MiB. 

From the standard theory of fuchsian systems it follows that we can choose a fundamental solution 
behaving as follows 



Y(z;u) 



[1 + 0(1)] z-WCn, z^oo 



d [i + o(z- Ut )} {z-mY a 



(22) 



1,2,3 



where J 



1 




^ , p, =diag(^, -fi), G i JG i 1 = Ai and 



R 





R12 



#21 




if 2fi Z 



if 2n e z 



The entries R 12 , R21 are determined by the matrices A t . Then M t = C^ 1 e 2mJ C ll = C^e'^^e^^C^. 

The dependence of the fuchsian system on u is isomonodromic. This means that for small de- 
formations of u the monodromy matrices do not change [22] [18]. Small deformation means that 
x = (u 3 — u\)/(u 2 — u{) can move in the x-plane provided it does not go around complete loops around 
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M 3 M 2 M / =M 



Figure 1: Choice of a basis in 7r (C\{ui, u 2 , U3}) 



0, 1, 00. If the deformation is not small, the monodromy matrices change according to an action of the 
pure braid group, as it is discussed in [13]. 

We consider a branch y(x) of a transcendent and we associate to it the fuchsian system through 
the formulae (21). A branch is fixed by the choice of branch cuts, like a < arg(x) < a + 2n and 
(3 < arg(l — x) < (3 + 2n 7 a, £ R. Therefore, the monodromy matrices of the fuchsian system do not 
change as x moves in the cut plane. In other words, it is well defined a correspondence which associates 
a monodromy representation to a branch of a transcendent. 

Conversely, the problem of finding a branch of a transcendent for given monodromy matrices (up to 
conjugation) is the problem of finding a fuchsian system (20) having the given monodromy matrices. 
This problem is called Riemann-Hilbert problem, or 21 th Hilbert problem. For a given PVI^ (i.e. for a 
fixed n) there is a one-to-one correspondence between a monodromy representation and a branch of a 
transcendent if and only if the Riemann-Hilbert problem has a unique solution. 

• Riemann-Hilbert problem (R.H.): find the coefficients Ai(u), i = 1,2,3 from the following 
monodromy data: 
a) the matrices 

/i = diag(/i, -fi), fie C\{0} 



R 





b 


b 



M > 
M < 



if 2fi Z 



> if 2/j, e z 



be C 



b) three poles u\, u 2 , 113, a base-point and a base of loops in 7r(C\{ui, it 2 , 1*3}; z ). See figure 1. 

c) three monodromy matrices Mi, M 2 , M 3 relative to the loops (counter-clockwise) and a matrix 
Moo similar to e -2 ™' 1 e 2mR , and satisfying 

tr(Mj) = 2, det (Mi) = 1, i = 1,2,3 



M 3 M 2 Mi = Moo 

C-l _ — 2-Kifi JltriR r-i 
00 e e °c 



(23) 
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where Goo realizes the similitude. We also choose the indices of the problem, namely we fix ^ log Mi 
as follows: let 

Ms i: 

We require there exist three connection matrices Oi, O2, O3 such that 

C- 1 e MJ C i = M i , i = 1,2,3 (24) 

and we look for a matrix valued meromorphic function Y(z; u) such that 

(7 + 0(§)) z-»z R Coo, z^oo 
Y(z;u)={ (25) 
Gi(l + 0(z - Ui)) (z-Ui) J d, z^m, i = 1,2,3 



Goo and Gi are invertible matrices depending on u. The coefficient of the fuchsian system are then given 
by A(z;u 1 ,u 2 ,u 3 ) := dY ^ u ^ Y(z; u)^ 1 . 

A 2 x 2 R.H. is always solvable at a fixed u [1]. As a function of u = (u\,U2,Us), the solution 
A(z; ui, W2, U3) extends to a meromorphic function on the universal covering of C 3 \ {m | tij = Uj). 
The monodromy matrices are considered up to the conjugation 

Mi 1 y M'i = B~ 1 M i B, dct B ^ 0, i = 1, 2, 3, 00 (26) 

and the coefficients of the fuchsian system itself are considered up to conjugation Ai i->- F~ 1 A i F 
(i = 1,2,3), by an invertible matrix F. Actually, two conjugated fuchsian systems admit fundamental 
matrix solutions with the same monodromy, and a given fuchsian system defines the monodromy up to 
conjugation. 

On the other hand, a triple of monodromy matrices Mi , M2 , M3 may be realized by two fuchsian 
systems which are not conjugated. This corresponds to the fact that the solutions Goo, Oj of (23), 
(24) are not unique, and the choice of different particular solutions may give rise to fuchsian systems 
which are not conjugated. If this is the case, there is no one-to-one correspondence between monodromy 
matrices (up to conjugation) and solutions of PVI^. It is proved in [28] that: 

The R.H. has a unique solution, up to conjugation, for 2fi £ Z or for 2/x € Z and R 7^ 0. 2 

Once the R.H. is solved, the sum of the matrix coefficients Ai(u) of the solution A(z; Ui, U2, M3) = 
Si=i T~^T~ mus t be diagonalizcd (to give — diag(/x, — /i)). 3 After that, a branch y(x) of PVI^ can 
be computed from [A(q;ui 1 u 2 ,U3)]i 2 = 0. The fact that the R.H. has a unique solution for the given 
monodromy data (if 2(i ^ Z or 2/j € Z and R 7^ 0) means that there is a one-to-one correspondence 
between the triple Mi, M 2 , M 3 and the branch y(x). 

We review some known results [13] [28]. 

1) One Mi = I if and only if q(u) = tij. This does not correspond to a solution of PVI^. 

2) If the Mi's, i = 1,2,3, commute, then /1 is integer (as it follows from the fact that the 2x2 
matrices with l's on the diagonals commute if and only if they can be simultaneously put in upper or 
lower triangular form) . There are solutions of PVI^ only for 

7i r ( 1 i^a \ ,, T / 1 Z7T \ , . / 1 *7r(l — a) \ , . 

\0 1 J' M2 =(o 1 J' Ms= U 1 J' 

In this case R = and Moo = 7. For /i = 1 the solution is 

ax 



y{x) 



1 - (1 - a)x 

and for other integers \x the solution is obtained from fi = 1 by a birational transformation [13] [28]. 
3) Non commuting Mj's. 

The parameters in the space of the monodromy representation, independent of conjugation, are 
2-x\:= tr(MiM 2 ), 2 - x\ := tr(M 2 M 3 ), 2 - x\ := tr(MiM 3 ) 
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The triple (xo, x\, x^) in the Introduction is (x\, X2, X3). 

3.1) If at least two of the Xj's are zero, then one of the Mj's is /, or the matrices commute. We 
return to the case 1 or 2. Note that (x\, X2, £3) = (0,0,0) in case 2. 

3.2) At most one of the ajj's is zero. We say that the triple (xi, X2, £3) is admissible. In this case 
it is possible to fully parameterize the monodromy using the triple (xi, X2, £3). Namely, there exists a 
fundamental matrix solution such that: 

if xi 7^ 0. If = we just choose a similar parameterization starting from X2 or X3. The relation 

M3M2M1 similar to e- 2 "'^ 2 " 8 

implies 

x\ + x\ + — X1X2X3 = 4sin 2 (7r/tt) 

The conjugation (26) changes the triple by two signs. Thus the true parameters for the monodromy 
data are classes of equivalence of triples (x\, X2, £3) defined by the change of two signs. 
We have to distinguish three sub-cases of 3.2): 

i) 2/x ^ Z. There is a one to one correspondence between (classes of equivalence of) monodromy data 
(xq, Xi, Xoo) = (xi, X2, X3) and the branches of transcendents of PVI^. The connection problem was 
solved in [13] for the class of transcendents with critical behavior 

y(x) =a(°V- ff <0) (1 + O(|af )), x -> 0, (27) 

y(x) = l-a^ 1 \l-x) 1 -" ll) (l + 0(\l-x\ s )), x -> 1, (28) 
-a (oo) a;-' T<OC) (l + 0(|a;r' 5 )), a; -> 00, (29) 

where and cr^* 1 are complex numbers such that 7^ and < jftcr^* 1 < 1. S is a small positive 
number. This behavior is true if x converges to the critical points inside a sector in the x-plane with 
vertex on the corresponding critical point and finite angular width. In [13] all the algebraic solutions 
are classified and related to the finite reflection groups A3, S3, H3. 

ii) The case /i half integer was studied in [28] . There is an infinite set of Picard type solutions in 
one to one correspondence to triples of monodromy data not in the equivalence class of (2, 2, 2). These 
solutions form a two parameter family, behave asymptotically as the solutions of the case i), and comprise 
a denumerable subclass of algebraic solutions. In this case R 7^ 0. For any half integer jj, ^ | there is also 
a one parameter family of Chazy solutions. In this case R = and the one to one correspondence with 
monodromy data is lost. In fact, they form an infinite family but any element of the family corresponds 
to the class of equivalence of the triple (2, 2, 2). The result of our paper applies to the Picard's solutions 
with Xi 7^ ±2. 

iii) fi integer. In this case R 7^ 0. 4 There is a one to one correspondence between monodromy data 
and branches. To our knowledge, this case has not been studied before our paper. There are relevant 
examples of Frobenius manifolds included in this case, like the case of Quantum Cohomology of CP 2 . 
For this manifold, fi = —1, the triple (x\, X2, £3) = (3, 3, 3) (see [10] [16]) and the real part of a is equal 
to 1. 

In this paper we find the critical behavior and we solve the connection problem for any /i ^ and 
for all the triples {x\, X2, X3) except for the points x^ — ±2 =>■ cr^ = 1, i — 0, 1, 00. 

3 Critical Behavior — Theorem 1 

Theorem 1 has been stated in the Introduction and will be proved in section 8. Here we give some 
comments about the domain D(a). The superscript of will be omitted in this section and we 

concentrate on a small punctured neighborhood of x = (x = 1, oo will be treated in section 7). The 
point x can be read as a point in the universal covering of C := C\{0} with < \x\ < e (e < 1). 
Namely, x = \x\e tare ^ x \ where — oo < arg(x) < +oo. Let a be such that a ^ (— oo,0) U [l,+oo). In the 
Introduction we defined the domains D(e; a; 6\, 62, <r), or D(a;e) for real a. Theorem 1 holds in these 
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domains; the small number e depends on a, Q\ and a. In the following, we may sometimes omit e, a, 9{ 
and write simply D(a). 

We observe that |x CT | = |x| CT '( a: ) where a'(x) := 5ftcr — ^^rfj^ ■ In particular, for real cr we have 
cr'(x) — a. The exponent cr'(x) satisfies the restriction < cr'(x) < 1 for x — > 0, if x lies in the domain, 
because 

< cr (x) < a 



In Ixl In 



ana - — ta]^ ^' — fe]^") — ^ cr <C 1 for x — ^ 0. Figure 2 shows the domains in the (In |x|, 3cr argx)- 
plane ( in the (In |x|, argx)-plane if 3cr = 0). 

In figure 2 we draw the paths along which x — > 0. Any regular path is allowed if 3cr = 0. If 3er 7^ 0, 
we considered the family of paths (8) connecting a point xo € -D(cr) to a; = 0. In general, these paths are 
spirals, represented in figure 2 both in the plane (In \x\, Qcr argx) and in the x-plane. They are radial 
paths if < jfter < 1 and S = Sftcr, because in this case arg(x) = constant. But there are only spiral 
paths whenever Sftcr < and 3?ct > 1. In particular, the paths 

Id 

3ct arg(x) = Qcr arg(xo) + Sftcr log - — : 

\%o I 

are parallel to one of the boundary lines of D(a) in the plane (In |x|, Scr arg(x)) and the critical behavior 
is (11). The boundary line is 9cr arg)x) = Sftcr In \x\ + ^s<t9 2 and it is shared by D(a) and D(—a) (with 
the same 9 2 - see also Remark 2 of section 4). 

• Important Remark on the Domain:. Consider the domain D(e;<r;9i,9 2 ,a) for 3cr 7^ 0. In 

Theorem 1 we can choose 9\ arbitrarily. Apparently, if we increase 9i'=sa the domain D(e; a; 9\, 9 2 ) 
becomes larger. But e itself depends on 9\. In the proof of Theorem 1 (section 8) we will show that 

e 1 ^ < c e~ 6 ^ 

where c is a constant, depending on a. Equivalently, 9i^s<r < (a — 1) lne + Inc. This means that if we 
increase 9cr#i we have to decrease e. Therefore, for x G D(e; a; #1, 2 , a) we have: 

3?cr arg(x) < (3ta - a) In |x| + O^a < (3£er - a) In \x\ + (a - 1) In e + In c 

We advise the reader to visualize a point x in the plane (In \x\, arg(x)). With this visualization 
in mind, let x e be the point {Scr argx = (Sftcr — cr) In \x\ + (a — 1) lne + lnc} n {\x\ = e} (see figure 3). 
Namely, 

Qcr argx e = (Sftcr — 1) lne + lnc 

This has the following implication. Let a, a, cr, 9 2 be fixed. The union of the domains D(e = 
e(#i); cr; 6\, 62, cr) obtained by letting #1 vary is 



(J £>(e(0i); a; lt 2 , cr) C S(a, a; 9 2 , a) 



where 

B(cr, a; 9 2 , cr) := {|x| < 1 such that 3£cr In |x| + 9 2 %a < Q?cr arg(x) < (3£cr - 1) In |x| + In c} (30) 

The dependence on a of the domain B is motivated by the fact that c depends on a (but not on 9i, 9 2 ). 

If < Kcr < 1, the above result is not a limitation on the values of arg(x) in D(e; cr; 9\, 9 2 , cr), provided 
that |x| is sufficiently small. 

Also in the case 5ftcr < there is no limitation, because any point x, such that |x| < e, can be included 
in D(e; cr; 9\,9 2 , cr) for a suitable #2- In fact, we can always decrease 3cr# 2 without affecting e. 

But if SRcr > 1, the situation is different. Actually, all the points x which lie above the set B(a, a; 9 2 , a) 
in the (In |x|, 3ct arg(x))-plane can never be included in any D(e;a;9i,9 2 ,a). See figure 4. This is an 
important restriction on the domains of Theorem 1. 
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Im cr arg(x) 



. loglxl 



lpgl e| 



0< a <1 



if 


/ 1 




x - plane 



Im ct arg(x) 



Paths of convergence 

^V. Imparg(x) 



loglel 


loglxl 




0<Rea<l 


Ima 


arg(x) 


loglel 


loglxl ^^^^^^ 




Rea >1 



logl e| 



loglxl 



Re a=0 
Ima^O 







x - plane 











Ima arg(x) 



-igp 1 E| ] B j loglxl 

Reo<0 



x - plane 










Ima arg(x) 


D(a) / / 














e 2 


common line ^g- — 
on the boundary 








D(-a) 









loglxl 



Figure 2: We represent the domains D(e; cr; #i, #2) in the (In \x\, 3cr arg(x))-plane. We also represent 
some lines along which x converges to 0. These lines are also represented in the x-plane: they are radial 
paths or spirals. 
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Line 






Imo arg(x) 


Ima arg(x) = (Rea- o)lnU|+(o- 1) In e + lnc _^ 






slope (Re a 


-1) 




d [lino 
lnc 


Bia. ^/:e.e ) 

slope (Red-o) 


^DU -.a :().()) 




9 2 Im 






lne 






slope Rea 







In |x| 



Figure 3: Construction of the domain B(a, a; 62,0) for SRct = 1. 



Imo arg(x) 



B(a;e.,)> 



0<Reo <1 
Any branch can be 
represented in B 



lnc 



InUl 



Imo arg(x) 



lnc 



B(q;8 2 ) 




InW 



B'o:h ■ 



Reo >1 
The branches with arg( x") 
cannot be represented in B (0,6.) i 
for any value of 9 2 , because lnc 
is fixed. 



Reo<0 



Imo arg(x) 




8„ Imo 



The branches with arg( x' ) 
can be represented in B( o,8 2 ) 
for 0^1mo sufficently small. 
The branches with arg( x), for x 
above B, can always be represented 
in B, for any 2 . 



Figure 4: For 3ta > 1 we can not include all values of arg(x) in B 



16 



4 Parameterization of a branch through Monodromy Data — 
Theorem 2 



The second step in our discussion is to compute the relation between the parameters a, a of Theorem 1, 
stated for x = 0, and the monodromy data (xo, Xi, Xqo), to which a unique transcendent y{x; xq, x\, x^) 
is associated. Also in this section, a^°\a^ are denoted a, a. The points x = 1, oo are studied in section 
7. 

We consider the fuchsian system (20) for the special choice 

1*1 = 0, U2 = X, Us = 1 

The labels i — 1,2,3 will be substituted by the labels i = 0, x, 1, and the system becomes 

dY 

dz 

Also, the triple (xi,X2,x^) will be denoted by (xo,xi,Xoo), as in [13] and in the Introduction. We 
consider only admissible triples and Xj ^ ±2, i = 0, 1, oo. We recall that an admissible triple is defined 
in [13] by the condition that only one Xj, i = 0, l,oo may be zero. Two admissible triples are equivalent 
if their elements differ just by the change of two signs and 

Xq + x\ + x 2 ^ - x xiXco = 4sin 2 (7r,u). (32) 

In the Introduction we called y{x;xo,x\,x 00 ) the branch in one to one correspondence with an 
equivalence class of (xo,xi,Xoo). The branch has analytic continuation on the universal covering of 
P 1 \{0,l,oo}. We also denote this continuation by u{x;xq,xi,x 00 ), where x is now a point in the 
universal covering. 

Theorem 2 has been stated in full generality in the Introduction and it will be proved in section 9. 
The result is a generalization of the formulae of [13] to any /i ^ (including half-integer and to all 
Xj 7^ ±2, 2 = 0, 1, oo. 

The proof of the theorem is valid also for the resonant case 2/i G Z\{0}. To read the formulae in this 
case, it is enough to just substitute an integer for 2[i in the formulae i) or I) of the theorem. The cases 
ii), iii); II), III) do not occur when 2/j£ Z\{0}. 

Note that for /i integer the case ii), II) degenerates to (xo, Xi, Xqo) = (0, 0, 0) and a arbitrary. This is 
the case in which the triple is not a good parameterization for the monodromy (not admissible triple). 
Anyway, we know that in this case there is a one-parameter family of rational solutions [28], which are 
all obtained by a birational transformation from the family 

ax 

1 — (1 — a)x 

At x — the the behavior is y(x) = ax(l + 0(x)), and then the limit of Theorem 2 for fi — > n € Z\{0} 
and (7 = yields the above one-parameter family. Recall that R — in this case. 

Remark 1: We repeat the remark to Theorem 2 we made in the Introduction; namely, the equation 
(12) does not determine a uniquely. We decided to choose a such that < 3?cr < 1, so that all all the 
solutions of (12) are ±cr + 2n, n e Z. If a is real, we can only choose < a < 1. With this convention, 
there is a one to one correspondence between (a, a) and (a class of equivalence of) an admissible triple 

(xo , X\, Xoo ) • 

We observed that a — a{a;xo,x\,x (yo ) is affected by ±a + 2n, n e Z. Hence, y(x;xo,xi,x QO ) has 
different critical behaviors in different domains D(±<r + 2n) . Outside their union, we expect movable 
poles. 

Remark 2: The domains D(a) and D(—cr), with the same 82, intersect along the common boundary 
9i7arg(x) = dialog \x\ +82^0- (see figure 2). The critical behavior of y(x; x , x\, x^) along the common 
boundary is given in terms of (cx(xo), a{o~; xq, x\, x^)) and (— ct(xo), a(— a; xq, x\, Xqo)) respectively. Ac- 
cording to Theorem 1, the critical behaviors in D{a) and D(—cr) are different, but they become equal 
on the common boundary. Actually, along the boundary of D(a) the behavior is given by (11), which 
we rewrite as: 

y(x)=A(x;a,a(a))x (l + 0{\x\ s )) 



Mx) A x (x) M 
z z — X 



x 



1 



Y 



(31) 
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where (5 is a small number between and 1 and 



A(x; a, a(a)) = aiCe^'^T 1 + I + -^-Ce la{x ^ 

2 16a 



x a = C f e ia(x;<r) i (j = g-fciSto a(z; a) = 5ft<7 arg(a;) + 3<7 In |a; 

:erve 
implies that 



(T arg(a;)— K(T log |a;|+^2^cr 

We observe that a(x; — u) = — a(x;cr). At the end of section 9 we prove that a(a) — 16a ( 1 _ CT ) ■ This 



A(x; —a, a(—a)) = A(x; a, a(a)) 

Therefore, the critical behavior, as prescribed by Theorem 1 in D(a) and D(—a), is the same along the 
common boundary of the two domains. 

We end the section with the following 

Proposition [unicity]: Let a £ (— oo,0) U [l,+oo) and a ^ 0. Let y(x) be a solution of PVL^ such 
that y(x) = ax 1 ^ a (1+higher order terms) as x — > in the domain D(e;a). Suppose that the triple 
(xo,xi,Xoo) computed by the formulae of Theorem 2 in terms of a and a is admissible. Then, y(x) 
coincides with y(x;a,a) of Theorem 1 

Proof: see section 9. 



5 Other Representations of the Transcendents — Theorem 3 

We need to further investigate the critical behavior close to x — 0, in order to extend the results of 
Theorem 1 for x — > along paths not allowed by the theorem. In this section we discuss the critical 
behavior of the elliptic representation of Painleve transcendents. According to Remark 1 of section 4 we 
restrict to < s Ra < 1 for 3er ^ 0, or < a < 1 for a real. 

In figure 5 (left) we draw domains D(a), D(—a), D(— cr + 2), D(2 — a), etc, where y(x;xo,xi,x 00 ) has 
different critical behaviors. Some small sectors remain uncovered by the union of the domains (figure 5 
(right)). If x — >• inside these sectors, we do not know the behavior of the transcendent. For example, 
if Sftcr = 1, a radial path converging to x — will end up in a forbidden small sector (see also figure 7 for 
the case Sftcr = 1). 

If we draw, for the same 8 2 , the domains B(a), B(—a), B{—o + 2), etc, defined in (30) we obtain 
strips in the (In \x\, Scr arg(x))-plane which are certainly forbidden to Theorem 1 (see figure 6). In the 
strips we know nothing about the transcendent. We guess that there might be poles there, as we verify 
in one example later. 

What is the behavior along the directions not allowed by Theorem 1? In the very particular 
case (xo,xi,Xoo) € {(2, 2, 2), (2, -2, -2), (-2, -2, 2), (-2, 2, -2)} it is known that PV7 M= _i/ 2 has a 
1-parameter family of classical solutions. The critical behavior of a branch for radial convergence to the 
critical points 0, 1 ,oo was computed in [28]: 



y(x) = < 



-ln^-^l + OQn^)" 1 )), x^0 
l + lntl-aO-^l + OOn^-s)- 1 )), x^ 
-xln(l/x)- 2 (l + 0(ln(l/a;)- 1 ), x -> oo 



The branch is specified by | arg(x)| < n, | arg(l — x)\ < n. This behavior is completely different from 
<~ a(x)x 1 ~ a as x — > 0. Intuitively, as xq approaches the value 2, 1 — a approaches and the decay of 
y(x) <~ ax 1_<J becomes logarithmic. These solutions were called Chazy solutions in [28], because they 
can be computed as functions of solutions of the Chazy equation. 

This section is devoted to the investigation of the critical behavior at x = in the regions not allowed 
in theorem 1. 
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Figure 5: Domains for a = \ + i^sa. The numbers close to the lines are their slopes. The small sectors 
around the dotted lines represented in the right figure are not contained in the union of the domains. 
If x — > along a direction which ends in one of these sectors, we do not know the behavior of the 
transcendent. 



B(a-2) 




The figure represents a possible 
configuration of the strips where 
theorem 1 does not give answers. 

It is in these strips that we might 
expect movable poles. 



B(-0-2) ' 

Figure 6: 
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5.1 Elliptic Representation 

The transcendents of PVI^ can be represented in the elliptic form [14] 



V{x) = P 



u(x) 



1+X 



where p(z;oJi,co 2 ) is the Weierstrass elliptic function of half-periods loi, uj 2 . u(x) solves the non-linear 
differential equation 



C(u) 



a d 



Q;wi(x),cj 2 (x)) 



x(l — x) du 

where the differential linear operator C applied to u is 



{2^ -If 



n /, x d 2 u , n . du 1 
L{u) := i l - x ) —r + (1 - 2x — - - u. 

dx 2 dx 4 

The half-periods are two independent solutions of the hyper-geometric equation C{u) = 0: 



(33) 



wi(x) := lo 2 {x) :^--[F(x)lnx + F 1 (x)} 



where F(x) is the hyper-geometric function 



and 



Fl (x) := 



n=0 



ml 

(n!) 2 



^ n (n!) 2 



^( n+ _)_^( n+ l) 



V>(z) = -lnl», ^-J =-7-2In2, V(l) = "7, V>(« + n) - V'W + E ^ 

The solutions u of (33) were not studied in the literature, so we did that and we proved a general 
result in Theorem 3. But first, we give a special example, already known to Picard. 

Example: The equation PVI^ =1 / 2 has a two parameter family of solutions discovered by Picard [32] [30] 
[28]. It is easily obtained from (33). Since a — 0, u solves the hyper-geometric equation C{u) = and 
has the general form 



u(x) 



:= viwi(x) + v 2 oj 2 (x), I'.eC, < Uh/j < 2, (i/i, v 2 ) ^ (0, 0), 



A branch of y{x) is specified by a branch of In a; in lo 2 (x). The monodromy data computed in [28] are 



Xq = - 


2cos7rri, 


Xl 


= — 2cos7rr 2 , x^ 


= —2 cos7rr 3 , 


v 2 


r 2 = l- 


V\ 

2 


V± - V 2 

2 ' 


for Kz/i > %lv 2 


= i- 


T' 7-2 = 


"i 
2 


l/ 2 - I^! 

r 3 = 2 , 


for < 3fo/ 2 



The modular parameter is now a function of ir: 



t(x) = = -{axgx -i\n\x\) + — ln2 + O(x), x -> 0. 

Wl(x) 7T 7T 



We see that 9r > as x — > 0. Now, if 



u(x) 
f— — 
4wi 



(34) 
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we can expand the Weierstrass function in Fourier series. Condition (34) becomes 



3^2 



$svi H arg(x) In \x\ 

7T 7T 



4 In 2 



7T 



mid 41n2 _ . 
< — H h O(x), as x -)• 



For 3^2 7^ this can be written as follows: 

(D?z/ 2 + 2) In |x| + ci < Qu 2 arg(x) < ($tv 2 - 2) In |x| + c 2 . 

Cl : = -t& Vi - 4 In 2 (5fti/ 2 + 2), c 2 := -tt3?^i - 4 In 2 (3fa/ 2 - 2) 
On the other hands, if £ji/ 2 = any value of argx is allowed. The Fourier expansion is 



(35) 



y(x) 



x + 1 



1 



1 



i 

• ' F{*Y [sin 2 (-\[iv 2 {Hx) + ^g)-^]) " 3' 

Fi(x) 



x 



2n 



71=1 e 



aw 

- F(x) T 2n 



■ sin 



| + (l-|+0(« a )) 



-K(ln(,)+ 



1 



7TI/1 



sin 2 (-I Wn( aO + 7^]) 



„2-i/ 2 



+ <3(x 2 +x^ 2 +x 4 -^) 



16"2-i 

As far as radial convergence is concerned, we have: 
a) < 3^2 < 2, 



.x — >■ in the domain (35) 



1 



sin 2 (...) 



16^-i 



x V2 (i + o(|^ 2 |)), 



and so 









16^-1 



1 1 

-;X 











16"2-i _ 





(l + 0(x s )), 6>0. 



(36) 



This is the same critical behavior of Theorem 1. By virtue of the Proposition of section 4, the transcen- 
dent here coincides with y(x; er, a) of Theorem 1 if we identify 1 — a with v 2 for < ^tv 2 < 1, or with 
2 — v 2 for 1 < $tv 2 < 2. In the case ?Rv 2 = 1 the three terms x" 2 , x, x 2 ^" 2 have the same order and we 
find again the behavior (10) of Theorem 1 (oscillatory case): 



■ /( -'' ) ^ xV2 + l + Wa X 



2-l/ 2 



(1 + 0{x 5 )) = ax V2 I 1 + 



1 

~2a" 



+ 



1 



16a 2 ' 



-2i$$i/2 



(l + 0(x 5 )), 



where a 



16"2- 



b) 3?^2 = 0. Put v 2 = iv ( namely, <r = 1 — ). The domain (35) is now (for sufficiently small \x\): 
2 In \x\ - ttSwi - 8 In 2 < 3?z/ 2 arg(x) < -2 In |x| - ttQ?^ + 8 In 2, 



or 



2 In \x\ + tt3?i/i - 8 In 2 < Q?ct arg(x) < -2 In |x| + ttS^i + 8 In 2. 
For radial convergence we have 

1 + 0(x) 



(37) 



y(x) = 



sm 2 (§ln(x) + f£g + ^) 



+ 0{x). 



This is an oscillating functions, and it may have poles. Suppose for example that v\ is real. Since 
Fi(x)/F(x) is a convergent power series (\x\ < 1) with real coefficients and defines a bounded function, 
then y(x) has a sequence of poles on the positive real axis, converging to x = 0. 



21 



In the domain (37) spiral convergence of x to zero is also allowed and the critical behavior is (36) 
because arga; is not constant. 

Finally, if v = 0, namely ^2=0 (and then x = 2) we have 



1 



sin (ttvi) 



(l + 0(\x\)). 



The case b) in the above example is good to understand the limitation of Theorem 1 in giving a 
complete description of the behavior of Painleve transcendents. Actually, Theorem 1 yields the behavior 

(36) in the domain D(a) U D(-a) (3£cr = 1): 

(1 + a)ln|a;| + O^a < 3?er arga; < (1 - ct) In |ar| + d^a, 

where radial convergence to x — is not allowed. On the other hand, the transformations a — > ±(cr — 2), 
gives a further domain D(<r — 2) U D(—a + 2): 

(-1 + a-) In |ar| + O^a < ^aargx < -(1 + a) \n\x\ + 6»i3?er, 

but again it is not possible for x to converge to x — along a radial path. Figure 7 shows D(a) U 
D(—cr) U D(2 — a) U D(a — 2). Note that a radial path would be allowed if it were possible to make 
a -> 1. The interior of the set obtained as the limit for a -> 1 of D{a) U D(—a) U D(2 — a) U Z?(er - 2) is 
like (37). Actually, the intersection of (37) and D(a) U D(-a) U D{2 - a) U £>(cr - 2) is never empty. On 

(37) the elliptic representation predicts an oscillating behavior and poles. So it is definitely clear that 
the "limit" of theorem 1 for a — > 1 is not trivial. 

Remark on the example: For [i half integer all the possible values of (x , X\, Xoo) such that x$ + x\ + 
x 2 ^ — x^xiXao = 4 are covered by Chazy and Picard's solutions, with the warning that for /j, = | the 
image (through birational transformations) of Chazy solutions is y = oo. See [28]. 

We turn to the general case. The elliptic representation has been studied from the point of view 
of algebraic geometry in [27], but to our knowledge Theorem 3 and its Corollary, both stated in the 
Introduction, are the first general result about its critical behavior appearing in the literature. 

We prove Theorem 3 in section 10. Here we prove the Corollary. The critical behavior is obtained 
expanding y(x) in Fourier series: 



1 1 n=l 



2-7rmr 



1 — cos n 



2w] 



1 



4-? sin 2 



(38) 



< St; these conditions are satisfied in 



The expansion can be performed if 3t(x) > and 3 ( uT(xj ) 
T>(r; v\,vi). Let's put F\jF = —Ah\2+g{x) 1 where g(x) = 0{x). Taking into account (38) and Theorem 
3, the expansion of y{x) for x — > in T>(r; v\,V2) is 



1 + x 



n{v 2 +2)g{x 



+ 



IQ2+V2 ■ 
7T 2 



12wi(a;) 2 



„2+v 2 



+ 



toi(x)'- 



E 



n 



n(2-v 2 )g(x 



inn v (f\ 



2n 



x 2n + 



„2-i/ 2 



+ 



1 



4wi (x) 



sm 



-i^lna; + ^lnl6+ ^ 



2 1 "2 1 2 d( x ) + 2 Wl (x) 

We observe that u^x) = %F{x) = § (1 + \x + 0(x 2 )), ±±£ - l2 f i[x)2 - : " 
e <?(*) = i + O(x) and 



7Tv(x) 



1+X 

3 



3F(i) 



±x(l + 0(x)), 



— = l + O 



162-^2 ■ 



,.2-^2 



16^2 
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v slopes- 1- a 

slope=-l \\ slo P e =- 2 
D(a-2) 



D(-a+2) 



slopes- 1+ a^ 
slope=l- a 



D(o) 



D(-a) 



slope=l 



// slope=2 
slope=l + a 



/ma arg(.r) 



6j /ma 



8, /ma 



InUI 



slope=-2 



Into arg(x") 



(Open) domain of Picard 
solution. 



' Itv j+8 ln2 
/ Itv ,-8 ln2 



lnlxl 



slope=2 



Domain D( o ) |J Df-o j (J Df o-2 ) |J Df-o+2 ) for o = 1 +i Im a Comparison with the domain 
where Piccard solution is expanded (picture above). 



Below we represent the domain 2? (TV,,v 2 ) of theorem 3 for immaginary v 2 , and we compare it to 
the domain D( a ) with the identification v 2 = 1 - a (and for suitable 6, , 6 2 ) . 

The numbers close to the boundary lines are their slopes ( e =1 - O is arbitrarily small) 
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In order to single out the leading terms, we observe that we are dealing with the powers x, x 2 ~ V2 , 
x" 2 in T>(r; v\, 1/2)- If < v 2 < 2 (the only allowed real values of v 2 ) \x V2 | is leading if < v 2 < 1 and 
\x 2 ~" 2 1 is leading if 1 < v 2 < 2. We have 



^^[l + 0(\x\ + \x^\ + \x 



2-V2 I 



sin%..) 16» 2 

Thus, there exists < S < 1 (explicitly computable in terms of v 2 ) such that 

-1 



2/0) 



] 1 

4 



16^-i 



1 



16^-1 



,,2-1/2 



(l + 0(x 5 )) 



sin 



2 ' 



x (1 + 00/)), if i/ 2 = l 



16"2-i 



16"2- 



x^l + CKx 5 )) if < 1^2 < 1 
^"^(l + OO 5 )) if 1 < 1^2 < 2 



This behavior coincides with that of Theorem 1 for a = in the first case, a = 1 — v 2 in the second, 
cr = f2 — 1 in the third. 

We turn to the case 9i/2 7^ 0. We consider a path contained in 2?(r; u\, v 2 ) of equation 

3?ia> arg(x) = (9fa/ 2 - V) In |x| + 6, < V < 2 (39) 

with a suitable constant 6 (the path connects some xq e X>(r; 1/1, ^2) to x = 0, therefore b = Qv 2 argx — 
(Jftu 2 - V)ln|x |). We havelx 2 "" 2 ! = \x\ 2 - v e h , \x" 2 \ = \x\ v e - b and so 

I a;" 2 1 is leading for < V < 1, 



la^l, Id, Ix 2 ^ 2 



have the same order for V = 1, 
x 2 ^ 2 1 is leading for 1 < V < 2. 



If V = 0, 



If V = 2, 



IQV2 



< r, but x V2 as x -> 0. 



-2-1/2 



16 2 -" 2 ' 



< r but a; 2 " 172 -fr as x -> 0. 



This also implies that t>(x) 7^ as x — > along the paths with V = or V = 2, while i>(x) — > for all 
other values < V < 2. We conclude that: 



a) If x ->• in V(r; v Xl v 2 ) along (39) for V 7^ 0, 2, then 



y(x) = 



1 1 

r~4 



16"2-i 



16"2-i 



„2-i/ 2 



(i + o(x <5 )), < <y < 1. 



The three leading terms have the same order if the convergence is along a path asymptotic to (39) with 
V = 1. Namely 

y(x) = x sin 2 ^i^—^-lnx + ^j- + 2i{v 2 - l)ln2^ (l + 0{x)) for V = 1. 



Otherwise 



or 



y(x) 



y{x) = — 



16^-i 



16"2-i 



x 1/2 (l + 0(x' 5 )) for0<V<l, 
x 2 -" 2 (l + 0{x s )) forl<V<2. 
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This is the behavior of Theorem 1 with 1 — a = v 2 or 2 — v 2 . 

Important Observation: Let v 2 = 1 — cr and consider the intersection T>{r\vi,v 2 ) n T>(a) in the 

(In |x|, Sf2 arg(x))-plane. It is never empty. See figure 7. We choose v\ such that a = —j i 6 ^ 2 -i ■ 

According to the Proposition in section 4, the transcendent of the elliptic representation and y(x;a 7 a) 
of Theorem 1 coincide on the intersection. Equivalently, we can choose the identification 1 — a = 2 — v 2 
and repeat the argument. 

b) If V = the term 

1 



sin 



(_ if lnx + [if i n 16 + ^] _ ifg{x) + 



is oscillatory as x — > and does not vanish. Note that there are no poles because the denominator does 



not vanish in V{r;vi,v 2 ) since 



y(x) = 0{x) + 



16"2 



< r < 1. Then 



F ( x ) 2 sin 2 (-if lnx + [if In 16 + 2f ] - ifg(x) + |g) 
1 + O(x) 



sin 



(_;f + [;f l n 16 + + E - =1 C0m (^ 2 ) 



16"2 



X" 2 



) 

The last step is obtained taking into account the non vanishing term in (13) and 2 Ji(x) = = 



0(x) 

7Tv(x) 



v(x)(l + 0(x)). 

c) If V = 2 the series 



n(2-v 2 )g(x) 



r 2n 



which appears in y(x) is oscillating. Simplifying we obtain: 

oo 

y(x) = 0{x) - 4(1 + 0{x)) n 

n=l 

1 + O(x) 



„2-i/ 2 



vjx) 



sin 2 (i ln a. + [^ ln 16 + 2|l ] + £~ =1 6 „> 2 ) 



16 2 ""2 



+ 0(x) 



The observation at the end of point a) makes it possible to investigate the behavior of the transcen- 
dents of Theorem 1 along a path (8) with E = 1. The path (8) coincides with (39) for V = if we define 
1 — <7 := v 2l for V = 2 if we define 1 — a = 2 — v 2 . 

In particular, we can analyze the radial convergence when 3?cr = 1. We identify v 2 = 1 — a and choose 
v 2 = iv, v 7^ real. Namely, <r = 1 — iv. Let x — > in 2?(r; v\,iv) along the line arg(x)= constant (it is 
the line with V = 0). We have 



1 



F ( x ) 2 sin 2 (f lnx - v ln 16 + § ^ + f 5(3 
1 + O(x) 



7Tv(x) 

2oji(x) 



sin 2 (^lnx-z/lnie+^+E^iComW [(w) 

1 + O(x) 



O(x) 
+ 0(x) 



sin 2 (| lnx - i/ln 16 + *f + £~ =1 co m (f) [(^) ) 

The last step is possible because sin(/(x) + O(x)) = sin(/(x)) + 0(x) = sin(/(x)) (l + O(x)) if f(x) -/> 
as x — > 0; this is our case for /(x) = | lnx — i^ln 16 + ^ + X)m=i c om{v) ( < \g„ ^ x tl/ 



in £>. 
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We observe that for iftcr = 1 we have a limitation on arg(x) in T>(r; v\, if), namely 

— 7rS^i — lnr < ^arg(x) (40) 
This is the analogous of the limitation imposed by B(a, a; 62, cr) of (30). 

Remark: If 7^ 0, the freedom z/2 1— ^2 + 2 A, iV € Z, is the analogous of the freedom cr i-> ±cr + 2n. 
Moreover, Theorem 3 yields different critical behaviors for the same transcendent on the different domains 
corresponding to v 2 + 2A. 

As a last remark we observe that the coefficients in the expansion of v(x) can be computed by direct 
substitution of v into the elliptic form of PVI^, the right hand-side being expanded in Fourier series. 

5.2 Shimomura's Representation 

In [37] and [19] S. Shimomura proved the following statement for the Painlcvc VI equation with any 
value of the parameters a, (3, 7, S. 

For any complex number k and for any a £ (— 00, 0] U [l,+oo) there is a sufficiently small r such 
that the Painleve VI equation for given a, f3, 7, 6 has a holomorphic solution in the domain 

V s (r;a,k) ={ieC | \x\ < r, le^x 1 ^! < r, \e k x a \ < r} 

with the following representation: 

y(x;a,k) — 7-^—, 

yi ; CO sh 2 (^±lnx+§ + ^) 

where 

v{x) = Y j a n {o)x n + Yl b nm (o-)x n (e- k x 1 -°) m + ]T c nm (<r)x n (e k x°) m , 

n>l n>0, m>l n>0, m>l 

a n (a),b nm (a),c nm (a) are rational functions of a and the series defining v(x) is convergent (and holo- 
morphic) in T>(r;a,k). Moreover, there exists a constant M = M(cr) such that 

\v(x)\<M(a) (\x\ + \e- k x 1 - a \ + \e k x a \) . (41) 



The domain T>(r; a, k) is specified by the conditions: 

|x|<r, SRcr In |x| + [3We- In r] < Q?cr arg(x) < (3£cr - 1) In |x| + [3Wc + lnr]. (42) 

This is an open domain in the plane (In |x|, arg(x)). It can be compared with the domain D(e; cr, 61,62) 
of Theorem 1 (figure 8). Note that (42) imposes a limitation on arg(x). For example, if 3ftcr = 1 we have 

Scr arg(x) < [SRfc + In r] , (In r < 0) 

This is similar to (40) . We will show that Shimomura's transcendents coincide with those of Theorem 1 
(see point a.l) below). So, the above limitation turns out to be the analogous of the limitation imposed 
to D(e;a;6 1 ,6 2 ) by B(a,a;6 2 ,a) of (30). 

Like the elliptic representation, Shimomura's allows us to investigate what happens when x — > 
along a path (8) with S = 1, contained in V s {r; cr, k). It is a radial path if iftcr = 1. Along (8) we have 
|x CT | = |x| E e" b . We suppose 3?cr ^ 0. 

a) < £ < 1. We observe that |x 1_<7 e~ fe | -» as x -» along the line. Then: 



cosh 2 (^i lnx + I + 2^1) a?- x e k e<*) + x^-'e^e-^) + 2 
= Ae- k e- v{x) x 1 - a . 1 . . , = 4e- k e~ v(x) x 1 - a (l + e-^Oile^x^l)) . 
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Reo-l 



Rea-o 




Imo arg(x) 



ln(x) 

Shimomura's domain = 

and 
our domain = 




Reo 



Figure 8: The domains T> s (r; a, k) and D(e; er; 61,62, a) 



Two sub-cases: 

a.l) S^O. Then |a; CT e fe | — > and v(x) -> (sec (41)). Thus 

y(x; a, k) = Ae^x 1 - 7 (l + 0(\x\ + \e k x°\ + \e- k x 1 - (T \)) 

By the Proposition in section 4, y(x;a,k) a,ndy(x;a,a) coincide, for a = 4e~ fe , in D s (r;a, fc)nZ)(e; cr; #1, #2)- 
The intersection is not empty for any 6\, 6 2 - See figure 8. 

a.2) S = 0. \x a e k \ — > constant< r, so \v(x)\ does not vanish. Then 

y(x) = a(x)x 1 - a (l + 0{\e- k x 1 - a \)) , a{x) = Ae~ k e~ v ^\ 

and a{x) must coincide with (10) of Theorem 1: 

b) S = 1. In this case Theorem 1 fails. Now \x 1 ~ a e~ k \ — > (constant^ 0) < r. Therefore y(x) does 
not vanish as x — > 0. We keep the representation 



y(x;a,k) = 



1 



cosh 2 (^i lnx + I + 2^1) sin 2 ^ In a; + i\ + z^l - § ) 



w(a;) docs not vanish and y(x) is oscillating as x — »■ 0, with no limit. We remark that like in the elliptic 
representation, cosh 2 (...) does not vanish in V s (r;a,k), so we do not have poles. Figure 9 synthesizes 
points a.l), a.2), b). 

As an application, we consider the case Sftcr = 1, namely a = 1 — iv, v £ R\{0}. Then, the path 
corresponding to E = 1 is a radial path in the x-plane and 



y(x; 1 - iv, k) = 



1 + 0(x) 



sin 2 (§ ln(x) + f -f + |E m >i b 0m {a){e- k ^) m ) 



27 




lnlxl 



Figure 9: Critical behavior of y(x; a, k) along different lines in T> s (r; a, k) 




28 



6 Analytic Continuation of a Branch 

We describe the analytic continuation of the transcendent y(x;a, a). We choose a basis 70, 71 of two 
loops around and 1 respectively in the fundamental group 7r(P 1 \{0, 1, 00}, b), where b is the base-point 
(figure 10). The analytic continuation of a branch y(x; x$, x\, x^) along paths encircling x — and 
x = 1 (a loop around x = 00 is nomotopic to the product of 70, 71) is given by the action of the group 
of the pure braids on the monodromy data. This action is computed in [13], to which we refer. For a 
counter-clockwise loop around we have to transform (x , Xi,Xoo) by the action of the braid (3f, where 

/3i : {x ,xi,Xoo) !->• (-x ,Xoo - x x\,x\) 

$\ \ (zo,Zl,Zoo) l-> (Xo, X! + X Xoo - XiXq, Xoo - X Xi) 

The analytic continuation of the branch y(x; xo, x\, Xoo) is the new branch y(x;xo, x\ + xoXoo — 
XiXq, Xoo — xqx\) . For a counter-clockwise loop around 1 we need the braid /3f , given by 

£2 ■ (x ) ^ {x 00 ,-x 1 ,x Q -x 1 x 00 ) 

@2 ' (,Xq , X\ , Xqo ) I ^ (xo X\Xryo , Xi , Xoo 4* *£0*£l ^co^i ) 

The analytic continuation of y(x; Xo, x\, Xoo) is the new branch y(x; xq — xiXqo, x\, Xoo + xqXi — Xoox\). 

A generic loop P 1 \{0, l,oo} is represented by a braid (3, which is a product of factors /?i and (3 2 - 
The braid /? acts on (xo, x\, x^) and gives a new triple (x$ , xf , x^ ) and a new branch y(x; Xq, xf , x^). 

On the other hand, y(x; xo, xi, Xqo) is the branch of a transcendent which has analytic continuation 
on the universal covering of P 1 \{0, l,oo}. We still denote this transcendent by y(x; xo, xi, Xoo), where 
x is now regarded as a point in the universal covering. A loop transforms x to a new point x' in the 
covering. The transcendent at x' is y(x';x ,xi,x oo ). Let (3 be the corresponding braid. We have: 

y{x;xo> x i> x t>) = y(x';x ,xi, Xoo ) (43) 

Let a, a be associated to (xo,xi,Xoo) according to Theorem 2. Let x e D(o). At x we have 
y(x; xo, xi, Xoo) = y(x;a,a). Let , a fi — a(cr /3 ; Xq , xf , x^) be associated to (xq , xf , x^). If D(a) n 
D(<jP) is not empty and x also belongs to D(a /3 ), then y(x; Xq , xf , x^) = y(x; c^, a 13 ) at x. If x ^ £>(er^), 
it belongs to one and only one of the domains D{±a^ + 2n) and y(x; Xq , xf , x^ 

at x, where = a(±cr^ + 2n; Xq , xf , x^,). We note however that if tfta 13 = 1, it may happen that x 
lies in the strip between B(cr l3 ) and B(2 — a 13 ), where there may be poles (see the beginning of section 
5). In this case, we are not able to describe the analytic continuation (actually, the new branch may 
have a pole in x) . But in this case, we can slightly change arg x in such a way that x falls in a domain 
D{±(j & + 2n). 

As an example, let us start at x £ D '(a); we perform the loop 71 around 1 and we go back to x. If x 
also belongs to D(a" 2 ) the transformation is 

71: y{x;a,a) — > y(x; a?*, a&). 

If x ^ D(ejft) but x belong to one of the D(±erft + 2n) we have 

y(x; a, a) — > y(x; ±a^ + 2n, a 13 ?). 

Again, let us start at x e D(o); we perform the loop 70 around and we go back to x. The 
transformation of (a, a) according to the braid (3\ is 

(a ft, aft) = {a,ae~ 2ma ) (44) 
as it follows from the fact that xo is not affected by 1 , then a does not change, and from the explicit 

a2 o2 o2 

computation of a(a, Xq 1 , x/ , Xoo~ ) through Theorem 2 (we will do it at the end of section 9). Therefore, 
the effect of 70 is 

70 : y{x;a,a) — > y{x; aft , aft ) = y(x; a, ae- 2ma ) 
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Figure 11: Analytic continuation of a branch for a loop around x = and a loop around x = 1. We also 
draw the analytic continuation on the universal covering 

Since we are considering a loop around 0, it makes sense to consider is as a loop in C\{0}n{|x| < e}. The 
loop is x i ^ x' = e 2rrl x. Suppose that also x' € D(a). Then, we can represent the analytic continuation 
on the universal covering as 

y(x;cr,a) — > y(x';a,a) 

On the other hand, according to (43), we must have y{x';a,a) = y(x; ). This is immediately 

verified because: 

y(x';a,a)=a[x'] 1 - a (l + o(\x'\ 5 )) 



= ae 



-2nia x i-a^ + o(\x\ s j) = y(x; a, aer 2 ™) 



Thus Theorem 1 is in accordance with the analytic continuation obtained by the action of the braid 
group. 



7 Singular Points x = 1, x = oo (Connection Problem) 

In this section we restore the notation cr*- ' and to denote the parameters of Theorem 1 near the 
critical point x = 0. We describe now the analogous of Theorem 1 near x ~ 1 and x = oo. The three 
critical points 0, 1, oo are equivalent thanks to the symmetries discussed in [30] and [13]. 

a) Let 

i I 

(45) 



x = - y(x) := - y(t) 



Then y(x) is a solution of PVI^ (variable x) if and only if y(t) is a solution of PVI^ (variable t). The 
singularities and oo are exchanged. Theorem 1 holds for y(t) at t = with some parameters a, a 
that we call now cr^ 00 ), a^°°\ Then, we go back to y(x) and find a transcendent y(x; 

0.(00)^(00) 

) with 

behavior 

x -> 00 (46) 



y(x;a^,a^)=a^x^ (l + O(^) 



D(M;a^;0 u 9 2 ,a) := {x e C\{oo} s.t. \x\ > M, e" 01 ^^ \x\~* < \x~ 



< or < 1} 

where M > is sufficiently big and < S < 1 is small (figure 12). 
b) Let 

x = l-t, y(x) = 1 - 



(47) 



(48) 
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Imo" arg(x) 



<a (00) <l 



Im O" arg(x) 



log (Mr 



log Ixl 



log IMI ' 



"\ log 
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Re a >l 



Figure 12: Some examples of the domain D(M; <r; 61,62,0) 



y(x) satisfies PVI^ if and only if y(t) satisfies PVJ M . Theorem 1 holds for y(t) at t = with some pa- 
rameters a, a that we now call and Going back to y(x) we obtain a transcendent y(x\ 
such that 

I/(x,tr (1) ,a (1) ) = l-o (1) (l-x) 1 -' 7(1> (l + 0(|l-x| 4 )) a; -> 1 (49) 

in 

D(e;a^;6 u 6 2 ,a) := {x £ C\{1} s.t. |l-z| < e, e~ e ^\l - xf < |(1 - x) ff<1> | < e"^, 

< or < 1} (50) 

Consider a branch y(x; Xo,Xi,Xoo). The symmetries in a) and b) affect the monodromy data, accord- 
ing to the following formulae proved in [13]: 

y(x;x ,x 1 ,x oo ) = ^y(t;x oo ,-x 1 ,x -x 1 x oo ), x = j (51) 
y(x;x ,xi,x oo ) = l-y(t;xi,x ,x xi-x oo ), x = l-t (52) 



We are ready to solve the connection problem for the transcendents of Theorem 1 , so extending the 
result of [13]. We recall that we always assume that < SRctW < 1, i = 0, l,oo; otherwise we write 
±o-W + 2n, n £ Z. 

We consider a transcendent y(x; cr^ \ a^). We choose a point x £ D(a^). At x there exists a unique 
branch y(x;xo,xi,x 00 ) whose analytic continuation in D(cr^) is precisely y{x;a^\a{(j^)), where the 
triple of monodromy data {xo,x\,Xoo) corresponds to er(°\ according to Theorem 2. 

If we increase the absolute value of the point and we keep argx constant, we obtain a new point 
X = |A| exp{i argx}, where | A| is big. The branch y(x; Xo,Xi,Xoo) is also defined in X, because we have 
not change argx. According to (51), we compute , from the data (x^, —xi,xo — xix^) by the 
formulae of Theorem 2. Therefore, if A € D(M; cr' 00 -*), the analytic continuation of y(x;xo,Xi,x 00 ) — 
y(x;a(°\a,W) at A is y(X; a^°°\ o(°°)). 

We observe that if < 9fcr(°°) < 1, it is always possible to choose A £ D(M;a^°°^), provided that 
|A| is big enough. But for 3?cr(°°^ = 1 we have a restriction on the argument of the points of D(M; cr(°°)) 
given by a set B(a^°°^) analogous to (30). This implies that A may not be chosen in D(M;a^) for 
any value of |A|. In this case, we can choose A in one of the domains D(M;a^°°^), D(M; — er' 00 )), 
D(M; 2 — ct' 00 )), D(M; a^°°^ — 2). See figure 13. This is almost always possible, except for the case when 
argx lies in the strip between B(a^) and B(2 — er^ 00 )), where there may be movable poles (see the 
discussion about these strips at the beginning of section 5). 

We recall that a^ 00 -* depends on (x^, — x\, xq— X\Xao) but it is also affected by the choice of ±a^°°^+2n. 
Thus we write below a' 00 ) (±er(°°) +2n). We conclude that the analytic continuation of y(x; xq, x\, Xoo) — 
y(x;a (a \a^) at A is either y{X\ a^°°\ d°°\a^) ), or y(X; -a^°°\ d°°\-a^) ), or y(X; 2- 
(7 (oo) j a (oo)^ 2 _ a (oo)j ^ or y (x- a(°°) - 2, a(°°)(CT (oo) - 2) ), provided that A is not in the strip where 
there may be poles. If A falls in the strip, this is not actually a limitation, because we can slightly 
change argx in such a way that x is still in D(a^) and A falls into D(M;ct (oo) ) U D(M; -a^) U 
D(M; 2 - o-(°°)) U D(M; - 2). 
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In the figure the special case Re a =Re a =1 (lma=0) is considered. 

Figure 13: Connection problem for the points x = 0, x = oo 
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In the same way we treat the connection problem between x = and x = 1 We repeat the same 
argument keeping (52) into account. We remark again that for SRcr^ = 1 it is necessary to consider the 
union of L>(ct (1) ), D(-a^), D(2-a^), L>(cr (1) - 2) to include all possible values of arg(l -x). 



8 Proof of Theorem 1 

We recall that PVI^ is equivalent to the Schlesinger equations for the 2x2 matrices A (x), A x (x), A\{x) 
of (31): 

dAg _ [A X ,A Q ] 

dx x 



dAi _ [A U A X ] 
dx 1—x 

dA x _ [Ax.Ag] , [ii,A, 
dx x 1—x 



(53) 



We look for solutions satisfying 



A {x) + A x {x) + A^x) = ^ Q M °J:=-i4oo ^eC, 2/i ^ Z 
tr(^) = det(Ai) = 

Now let 

A(z,x):= A ° ' ^ ■ Al 



z z ~ x z — 1 

We explained that j/(a;) is a solution of PVI^ if and only if A(y(x),x)\2 = 0. 
The system (53) is a particular case of the system 

~dir = HvLA^iBv] f,j,v{x) 

d -it = -- x e:lab„b vI }+e;u[b„a,) g ^x) +e:lab»,b v ,} ka*) 



(54) 



where the functions f^ v , g^ u , h^ v are meromorphic with poles at x = 1, oo and #k + XL = — ^oo 
(here the subscript /i is a label, not the eigenvalue of A^ !). System (53) is obtained for = a^j, = 
- ^M; "fy" = °' "i — n 2 = 2, ai = o 2 = 1, h = and B x = A , B 2 = A x , Ax = Ai. 
We prove the analogous result of [33], page 262, in the domain D(e; a; 6\, 62, cr) for cr (— 00, 0) U 
[l,+oo): 

Lemma 1: Consider matrices B® (v = 1, ..,712), A (p = 1, ..,n\) and A, independent of x and such 
that 

= A, eigenvalues(K) = — , — — , cr (— 00, 0) U [1, +00). 

V 

Suppose that f^, g^ V7 h^ v are holomorphic if \x\ < e' , for some small e' < 1. 

For any < a < 1 and 61,62 real there exists a sufficiently small < e < e' such that the system 
(54) has holomorphic solutions A fl (x), B v (x) in D(e; cr; 6\, 62, cr) satisfying: 

U^x) - Al\\ < C Ixl 1 -^, \\x- A B„(x) x A -B°\\<C Ixl 1 - 1 

Here C is a positive constant and a < a\ < 1 

Important remark: There is no need to assume here that 2/z £ Z. The theorem holds true for any 
value of \x. If in the system (54) the functions g^ v , h^ are chosen in such a way to yield Schlesinger 
equations for the fuchsian system of PVI^, the assumption 2fi Z is still not necessary, provided the 
matrix R in (22) is considered as a monodromy datum independent of the deformation parameter x. 

Proof: Let A(x) and B(x) be 2 x 2 matrices holomorphic on D(e; cr) (wc omit 61,62, cr) and such that 

\\A(x)\\<C u ||B(aO||<C 2 on^(e;cr) 
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arg(x) 




Path of integration. 

Figure 14: 

Let f(x) be a holomorphic function for \x\ < e' . Let a 2 be a real number such that a < a 2 < 1. Then, 
there exists a sufficiently small e < e' such that for x € D(e; a) we have: 

||a; ±A A(x) x^ A \\ < CWxl-* 2 

\\x ±A B(x) x^ A \\ < C 2 \x\- a2 



x- A f ds A(s) s A B(s) s- A f(s) x t 

Jl(x) 

X - A f ds s A B{s) s- A A(s) f(s) a/ 

Jl(x) 



< CxC 2 Id 1 - 05 



< CxC 2 Id 1 -" 5 



where L{x) is a path in D(e; a) joining to x. To prove the estimates, we observe that 

||x A || = ||a; dia g(f^f)|| =max{|x <T |*,|a; ,T |'i} < e^ a \x\~t, in D(e;a) 

Note here the importance of the bound |x cr | < e~ t ' 2 ^ <T in the definition of D(e;a): it determines the 
above estimates of ||x A || because it assures that |a; _<T |2 is dominant. If this were not true, the lemma 
would fail, and Theorem 1 could not be proved. Now we estimate 

||x A A(x) x- A \\ < \\x A \\ \\A(x)\\ || x~ A || < e 8 ^ d \x\~ a 



* \x\ a2 - a ) d \x\- a2 



Thus, if e is small enough (we require e CT2 " 5 < e~ 9l ^ a ) we obtain ||x A A(x) x~ A \\ < Ci|x|~ CT2 . 

We turn to the integrals. We choose a real number a* such that < a* < a and we choose a path 
L(x) from to x, represented in figure 14. For Qct ^ 0, L(x) is given by 

. . ,11, ^ a ~ a * , ~ C* , 11 11 11 

arg(s) = alog|s| + b, a= — , fe^arga; log \s\ < \x\ 



For 3cr = 0we choose L(x) with a* = a and arg(s) = arg(x). Note that on the L(x) we have 
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Then wc compute 

ds A(s) s A B(s) s~ A f(s) x A 



L(x) 



< e 



f ds x- A A(s) x A (-) A B(s) (-) A f(s) 

Jl(x) Kx/ Kx/ 

x\-*dC 2 max|/(x)| f \ds\ 

m< £ Jl(x) fi 



The last step in the above inequality follows from 

A g"2 g~ "2 

diag( — , - rT ) 

X 2 X 2 

|s|V |s|-V 



= max < — — , — > 

[|a;|T- \x\~^r ) 

We choose the parameter p = \s\ on L(x); therefore: 



max 

L 



S 2 



X 2 



S 2 S 2 



X 2 X 2 



S < X 



= oe H ar ^+ !i ^ 1 lo s^} 7 0<p<|x| 



and we obtain 



P e 

|ds| = P(er,cr*) dp, P(cr,cr*): = 

r|x| 



\ds\ \s\ 



P(a,a*) 



L(x) 



1 for Q?cr = 
dpp-*=^|x|^ 



1 - cr* 



Let P(cr) := max CT * P(a, cr*). The initial integral is less or equal to 



max | /(x) | C\C 2 

\x\<e 



l-d 



|1-CT 



Now, we write |x| : a — |x| CT2 a jxj 1 02 and we obtain, for sufficiently small e: 



max|/(x)| CiC 2 

|x|<e 



1-C> 



I 1 -* < CiC 2 Ixl 1 -' 72 



1 




di- 



We remark that for a = the above estimates are still valid. Actually ||x A || = | 
verges like |logx|, ||x A ^4(x)x~ A || are less or equal to C\ |log(x)| 2 , and finally ||x~ A J L ^ds A(s) 

s A B(s) s~ A f(s) x A \\ is less or equal to CiC2max|/| | log(x)| 2 J l m \ds\ |logs| 2 . We chose L(x) to be 

a radial path s = pexp(iargx), < p < |x|. Then the integral is |x|(log |x| 2 — 2 log |x| + 2 + a 2 ). The 
factor |x| does the job, because we rewrite it as |x| CT2 |x| 1 ^ CT2 (here a 2 is any number between and 1) 
and we proceed as above to choose e small enough in such a way that (max |/| |a;| CF " 2 x function diverging 
like log 2 |x|) < 1. 

The estimates above are useful to prove the lemma. 

We solve the Schlesinger equations by successive approximations, as in [33]: let B u (x) := x~ A B u (x)x A . 
The Schlesinger equations are re- written as 



dA 



^ = J2[A„x A B„x- A ]f^x) 



(55) 



rlB 1 ni 712 

>v =-[ J B !y ,^x- A (A AJ (x)-A0)x A ]+^[^,x- A ^x A ] 3 ^(x) + ^[^,^] h vv ,{x) (56) 



dx x 

We consider the following system of integral equations: 



A^x) = A% + [ ds s A B v (s)s- A } f^(s) 

Jl(x) 



(57) 
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Jl{x) { s y 



B v {x) = B\ 

+ Y}Ms),s- K A^ s )s K ] g^(s)+J2[B„(s),B„>(s)] h vv , \ (58) 

P v' ) 

We solve it by successive approximations: 

4 fc )(x) = Al + f ds Y^[4 k - 1 Hs),s A Bi k - 1 Hs)s- A ] /„„(«) 

jl(x) y s ^ 

M 1/' J 

The functions A^ k \x), B^\x) are holomorphic in D(e;a), by construction. Observe that < C, 

< C for some constant C. We claim that for |x| sufficiently small 



\\Al k \x)-A°\\<C\x\^ 



(4 k \x) 



A , 



(59) 



B {k \x)-B° v \\<C\x\ 1 -^ 



where a < ai < a\ < 1. Note that the above inequalities imply < 2C, < 2(7. Moreover 

we claim that 



\\A {k \x)-A {k - 1 \x)\\<C5 k - 1 \x\^ 



x~ A (A^(x)-A {k - 1 \x)) x" 



< C 2 S k ~ 1 Ixl 1 -^ 



(60) 



\\B {k) {x) - B {k - 1] {x)\\ < C ^"Vl 1 "^ 

where < S < 1. 

For fc = 1 the above inequalities are proved using the simple methods used in the estimates at the 
beginning of the proof. Then we proceed by induction, still using the same estimates. As an example, 
we prove the (fc + l) th step of the first of (60) supposing that the k th step of (60) is true. All the other 
inequalities are proved in the same way. Let us consider: 



n4 fe+i >(*)-4 fe )(x) 



/ ds £ (a^s a B^ 



W s -A_ j4 (fe-l) s Ao( fe -l) s -A + 



< 



< 



/ \ds\ V U« s A i3« s - A - a^- 1 )^^*- 

-/ HE! 



| s A M fc - 1 ) s - A A[, fe - 1 ) - s A si fc ) s - A A« 



1/^(^)1 



Now we estimate 



M k h A B^ k h- A -M k - 1 h A B^ S - 



< 



#) S A P S - A - A^s A M k h- A 



+ 



A^ k - 1 h A B {k h- A - Al k - 1 h A Bl k - 1 h- A 
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<n4 fc) -4 fc_1) n 11^^11 + ii4 fc_1) n h* a h ii^-^ii n^ A n 

By induction then: 

< (C S^ 1 Is] 1 -" 71 ) 2C e e ^°\s\-° + 2C (C S^ 1 |s| 1 ~ CTl ) e fll9<T |s|- 5 
The other term is estimated in an analogous way. Then 

PL fe+1) -A { u k) \\ < ^4 8n 2 C 2 max|/^| <5 fc_1 e^af"* M 1 ^ 1 
1 — cr 

We choose e small enough to have ^"J, 8n 2 Cmax|/| e 9l ^ a \x\ 1 ~ a < 5. Note that the choice of e is 
independent of k. In the case a = 0, |a;| 1_<T is substituted by |x|(log 2 |x| + (3(log \x\)). 

The inequalities (59) (60) imply the convergence of the successive approximations to a solution of 
the integral equations (57), (58) satisfying the assertion of the lemma, plus the additional inequality 

\\x- A (A^(x) - A°)x A || < C 2 \x\ x -^ 

In order to prove that the solution also solves the differential equations (55), (56) we need the following: 

Sub-Lemma 1: Let f(x) be a holomorphic function in D(e,a) such that f(x) = 0(\x\ + \x 1 ^ a \) for 
x — > in D(e, a). Then 

F(x) := f - f(s) ds 

is holomorphic in D(e,a) and dF }^ = \ f(x) 

We understand that the Sub-Lemma applies to our case, because the entries of the matrices in the 
integrals in (57), (58) are of order s _1 , s~ a or higher. Thus, if we prove it, the proof of Lemma 1 will 
be complete. 

Proof of Sub-Lemma 1: Let x + Ax be another point in D(e; a) close to x. To prove the Sub-Lemma it 
is enough to prove that j L{x+Ax) 7 f(s) ds - j L{x) ± f(s) ds = f* +Ax \ f(s) ds, where the last integral 
is on a segment from x to x + Ax. Namely, we prove that 



JL(x) JL(x+Ax) Jx J 



We consider a small disk Ur centered at x — of small radius R < min{e, |a;|} and the points xr :— 
L(x) n Ur, x' r := L(x + Ax) n Ur. Since the integral of //sona finite close curve (not containing 0)is 
zero we have: 



7 -/ -f +A *U M =(7 -f -f U M <«> 

Jl(x) Jl(x+Ax) Jx J s \Jl(x r ) JL{x' r ) J-f(x R ,x' R )J 3 



The last integral is on the arc j(xr,x' r ) from xr to x' R on the circle \s\ = R. We have also kept into 
account the obvious fact that L{xr) is contained in L(x) and L(x' R ) is contained in L(x + Ax). 

We take R — > and we prove that the r.h.s. in (61) vanishes. First of all we use the hypothesis, we 
estimate integrals in the same way we did before and we obtain: 



L(x R ) s 



< 



I ±rO(\a\ + \s^\) \ds\ < ^^loiR + OiR 1 -')) 
Jl(x r ) \ s \ l-v 



Therefore J* L (x K ) — > for i? ^ (recall that < a* < 1). In the same way we prove that 
Il(x' ) ds — > for R — > 0. We finally estimate the integral on the arc. Since xr € L(x) and 
x' R £ L(x + Ax) we have 

fta-a* , R , , A . 3*0- - a* , R 

urgXR = argxH log r-,, argx^ = arg(x + Aa;) H - lo gr-|- 

xsa \x\ ^scr \x\ 
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is independent of R. This implies 



Thus | arg x R - arg x' R \ = arg x - arg(x + Ax) + log 1 1 + ^ 

that the length of j(xb,x' r ) is O(R). Moreover f(x) = 0(R + i? 1_cr ) on the arc. Hence: 



/ -f(s) ds 



<^J \m\\ds\ = o(R'-°': 



for R 



This completes the proof of Sub-Lemma 1 and Lemma 1. 



□ 



We observe that in the proof of Lemma 1 we imposed 8TI2C max l/l e 019 ^! 1 -* < S. We obtain 
an important condition on e which we used for the Remark in section 3. 



8 1-cr 



c := 



8n 2 C P{&) max I I 
(hereC = ma x{||^||,||B»||} ). 

We turn to the case in which we are concerned: we consider three matrices Aq , A x , A\ such that 
A° + A X = A, Al + A° x +A\ = diag(- / u, / u), tr(A°) = dct(A?) = 0, i = 0,x,l 



(62) 



Lemma 2: Let r and s 6e two complex numbers not equal to and 00. Let T be the matrix which 
brings A to the Jordan form: 

<*%(§,-§), a^Q 



The general solution of 



+ A x + A\ 



T~ 1 AT = 



-H 

fl 



1 




a = 



tr(Ai) = det(^) =0, + A° = A 



is the following: 
For a^Q, ±2it: 

A 



1 (-o^-{2^ ( - 2 -(2 M ) 2 )r 

\2 2 



8/x 



4 s 



a 2 + (2/x) 2 



4 s ] T" 1 



_ a 2 - (2 M ) 2 



8/x 



1 -r 

i -1 



At =T 



4 s 



T -l 



where 



^ , 1 1 

T= ( 1 (<t-2 M ) 2 1 

cr 2 -^) 2 r <t 2 -(2m) 2 r 



For a = —2fj,: Aq and A x as above, but 

A = ( .:" ] A? 







or 



For g = 2fi: A® and A x as above, but 

Al 



A = 



-fj, r 
fj, 



or 



A = 



-/z 
r fi 



A° = 



-r 




-r 



-r 





-r 



T = 



T = 



T = 



1 1 
2h 



-— 1 

2p 



1 1 

2^ q 



1 

1 - 



(63) 
(64) 

(65) 
(66) 
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For a = 0: 



u!=r(jj ; ) /• 1 x /•(;; 1 (1 s i 



A : 



2 4 ' 

I M 

r 2 



4f = " ? 



2 



1 1 

-— 2 M "t 2 1 



We leave the proof as an exercise for the reader. □ 

We are ready to prove Theorem 1, namely: 
Let a :~ —j^ if a ^ 0, or a := s if a = 0. Consider the family of paths 

Id 

9cr arg(x) = 3?crarg(a; ) + (SRa - S) log f-^ , < £ < ct, 

Pol 

contained in D(e;o,Q\,d2), starting at xq. IfSsa = we consider any regular path. Along these paths, 
the solutions of PVI^, corresponding to the solutions of Schlesinger equations (53) obtained in Lemma 
1, have the following behavior for x — > 

y(x)=a(x) ^""(l + Oflaf)) 

where < S < 1 is a small number, and 

a(x) = a if < £ < <r or if a is real 

IfT, = 0, then x a = Ce la ^ ( C is a constant — \xq \ = |a; CT | and is i/ie real phase of x° ) and 



Proof: y(x) can be computed in terms of the -Aj(x) from A(y(x),x)i 2 = 0: 

x{A )i2 _ x(A )i 2 



y{x) 



(1 + x){Aq) u + (A x )i2 + x(Ai) 12 x(A )i2 - (Ai) 12 + x(Ai)i 2 

(A))l2 1 



(Ax) 12 i-^(i + {4rfe) 

As a consequence of Lemma 1 and 2 it follows that \x (Ai) i2 1 < c |x| (1 + 0(|x| 1_cri )) and |x (A )i2| < 
c 1 ~ cr (1 + 0(|x| 1_<71 )), where c is a constant. Then 

(,^ljl2 

From Lemma 2 we find, for u^O, ±2/x: 
a 2 - 4 M 2 " 



(A))i2 = -r- 



32^ 



— (1 + 0(\x\ 1 -^)) + sx° (1 + 0{\x\'-^)) - 2(1 + 0(\x\ 1 -^)) 



a 2 - 4 M 2 



; !|)l2 = -^^f-( 1 + °(N 1 "' T1 )) 



Then (recall that a < <7i) 



-(1 + Odxl 1 "^)) + a ^ (1 + Odx] 1 -^)) - 2(1 + Odx] 1 -^)) 



(i + ocN 1 -^)) 



Now a; — > along a path 



So- arg(x) = Scr arg(xo) + (5R<7 — S) log 



No I 
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for < E < a. Along this path we rewrite x a in terms of its absolute value \x a \ = C|a;| s (C = |a^o l/l^o I 5 ") 
and its real phase a(x) 



C \xf e ia{x \ a(x) =3fJcrarg(x) + 3aln| 



3 a arg(:z)=3<7 arg(x ) + (Ka-£) log ^ 



Then 



__2Ce ia W\x\ l: (l + 0(\x\ 1 -°i)) + sC 2 e 2ia W |a;| 2S (1 + Oi^ 1 -^ )) 
s 



(i+o{\ x r^)) 



For the above expression becomes 



y{x) = ax 1 -' 7 (l + Odx^^ + Odxf )) , where a := - 



4s 



We collect the two 0(..) contribution in Od^l" 5 ) where <5 = min{l — a\, £} is a small number between 
and 1. 

We take the occasion here to remark that in the case of real < a < 1, if we consider x — > along a 
radial path (i.e. arg(x) = arg(xo)), then E = a = a and thus: 



^-"(l + OOxH) for < a < \ 



^^-^(l + Oilxl 1 -" 1 )) for \ < a < 1 



4s 



Along the path with £ = we have: 



y{x) = — 



„1-CT 



| ^_ -2Ce ia{x) +s C 2 e 2ta ^j (l + 0(\x\ 1 -' 71 )) . 

This is (67), for a = — j-. We let the reader verify the theorem also in the cases a = ±2/i (use the 
matrices (63) and (65) - We must disregard the matrices (64), (66); the reason will be clarified in the 
comment following Lemma 5 and at the end of the proof of Theorem 2) and in the case a = 0. For a = 
we obtain 

y(x) = a x (l + O^x] 1 -" 71 )) , where a := s. 

□ 

In the proof of Lemma 1 we imposed (62). Hence, the reader may observe that e depends on er, 9i 
and on ||Aq||, ||A°J|; thus it depends also on a. 

9 Proof of theorem 2 

We are interested in Lemma 1 when f^ v = g^ v = - h ^ xb , h^ v =0, a^ji^eC, a^^O = 1, n\. 
Equations (54) are the isomonodromy deformation equations for the fuchsian system 



dY 

dz 



^z-a a •^-f z - xb u 



Y 



As a corollary of Lemma 1, for a fundamental matrix solution Y(z,x) of the fuchsian system the limits 

Y(z) := lim Y(z,x), Y{z) := lim X - A Y(xz,x) 

X — ^0 X — ¥0 

exist when x — > in D(e; a). They satisfy 



dY 

dz 



"1 40 A 

^z-a, z 



f dY _ 

rfz ^— ^ z — b v 



In our case, the last three systems reduce to 



dY 

dz 



A (x) A x {x) Mx) 
z z — x z — 1 



Y 



(68) 
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dY_ 

dz 

Before taking the limit x — > 0, let us choose 



A A 

^0 , A x 



z-1 



Y (70) 



Y(z,x) = [ I + O ( - ) ) z~ A °°z R , z^oo (71) 



and define as above 



Y(z) := lim Y(z,x), Y(z) := lim X - A Y(xz,x) 
For the system (69) we choose a fundamental matrix solution normalized as follows 

Y N {z) = [I + O ( - ) ) z- A °°z R , z^oo (72) 



= (l + 0{z)) z A Co, z^O 
= Gi(/ + 0(z-l)) (z-1)' 7 Ci, z^l 

Where G^f 1 A\G\ = J, J = ( _ ] and Go, Gi are invertible connection matrices. Note that R is the 



0^ 

same of (71), since it is independent of x. For (70) we choose a fundamental matrix solution normalized 
as follows 

Y N (z) = (i + O z A , z^oo (73) 

= G (I + O(z)) z j Go, z^0 
= G 1 (/ + 0(z-l)) (z-l) J Gi, 
Here G^AgGo = J, G^^Gi = J. We prove that 

Y(z) = Y N (z) 

Y(z)=Y N (z)C (74) 

The proof we give here uses the technique of the proof of Proposition 2.1 in [20], generalized to the 
domain D(o). The (isomonodromic) dependence of Y(z,x) on x is given by 

dY(z,x) _ A x (x). 
dx z — x 

Then 



Y(z,x) := F(z,x)Y(z,x) 



Y{z, x) = Y(z) + / d Xl F{z, X!)Y(z, x x ) 

JL(x) 

The integration is on a path L(x) defined by arg(x) = alog|x| + b, a = ^^T " (0 < a* < a), or 
arg(x) — if 3cr = 0. The path is contained in D(a) and joins and x, like in the proof of Theorem 1 
(figure 10). By successive approximations we have: 



Y^\z,x) = Y(z)+ [ dx l F{z,x 1 )Y{z) 

Jl(x) 



y (2) (z,x) = Y(z) + / daii.F(z,xi)y (1) (z,xi) 
Jl(x) 



Y {n) {z,x) = Y(z)+ f dx 1 F{z,x 1 )Y { - n - 1 \z,x 1 ) 

Jl(x) 
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/ dxi / dx 2 ... / dx n F(z,xi)F(z,x 2 )...F(z,x n ) 

J L(x) Jl( Xi ) JL(x„- 1 ) 



Y{z) 



Performing integration like in the proof of theorem 1 we evaluate \\Y^ n \z,x) - Y^ n -^(z,x)\\. Recall 
that Y(z) has singularities at z = 0, z = x. Thus, if \z\ > \x\ we obtain 

\\Y {n) {z 1 x)-Y {n - 1 \z,x)\\< ' 1 ' 



where M and C are constants. Then Y^ = Y + (F W -Y) + ... + (y( n ) - converges for n -> oo 
uniformly in z in every compact set contained in {z \ \z\ > \x\} and uniformly in x G D(a). We can 
exchange limit and integration, thus obtaining Y(z,x) = lim^oo Y^ n \z,x). Namely 

Y(z,x) = U(z,x)Y(z), 
U(z,x) = I + / dxi / <ia;2... / dx n F(z,x 1 )F(z,x 2 )...F(z,x n ) 

n=1 JUx) JL( X1 ) JL(x n -i) 

being the convergence of the series uniformly in x e -D(cr) and in z in every compact set contained in 
{z | 1 2 1 > |x|}. Of course 

U(z, x) = I + o(-) for x -> and F(z, a;) -> F(z) 



z ^z^, z -> oo 



But now observe that 

F(z) = U(z, x)- 1 F(z, x)=^7 + oQj ( / + O Q 
Then 

y(z) = f w (z) 

Finally, for z — > 1, 

Y~(z,x) = J7(x,z)fjv(z) = C/(x,z) Gi(/ + 0(z- l))(z- l)' 7 ^! 
= G 1 (x)(I + 0(z-i))(z-l) J C 1 

This implies 

Ci = C 1 

and then 

Mr = C^ 1 e 2 ' KiJ C 1 (75) 

Here we have chosen a monodromy representation for (68) by fixing a base-point and a basis in the 
fundamental group of P 1 as in figure 15. Mo, M\, M x , M m are the monodromy matrices for the 
solution (71) corresponding to the loops 7* i — 0, x, l,oo. M^MiMxMo = I. The result (75) may also 
be proved simply observing that Mi becomes M\ as x — > in D(a) because the system (69) is obtained 
from (68) when z = x and z = merge and the singular point z = 1 docs not move, a; may converge 
to along spiral paths (figure 15). We recall that the braid changes the monodromy matrices of 

% = E"=i 7TJ7 y according to M l ^ M i+1 , M i+1 ^ M l+1 M t M~^ M k i-> M k for any k ^ i, i + 1 (see 
[13]). Therefore, if arg(x) increases of 27r as x — > in (68) we have 

M M x , M x i-> M^MoM" 1 , Mi i-> Mi 

If follows that Mi does not change and then 

Mi = Mi = C^e 2mJ C x (76) 

where Mi is the monodromy matrix of (72) for the loop 71 in the basis of figure 15. 
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Now wc turn to Y(z). Let Y(z,x) := x A Y(xz,x), and by definition Y(z, x) — > F(z) as x — > 0. In 
this case 



dY(z,x) 
dx 



x- A (A Q +A x )x A - A x- A A 1 x A "i 



+ 



Y(z,x) := F(z,x)y(z,x) 



Proceeding by successive approximations as above we get 

Y(z,x) = V(z,x)Y(z), 



V(z,x) = 



I + / dxi... / dx n F(z,x\)...F(z,x n ) -> 7 for a; -> 



uniformly in X e -D(c) and in in every compact subset of {z \ \z\ < -nn}. 

Let's investigate the behavior of Y(z) as z — > 00 and compare it to the behavior of Y/v(z)- First we 
note that 

a;- A f w (x,z) = X - A (l + 0(xz))(xz) A C'o -> z A C* for x -> 0. 

Then 

[x~ A F(xz, x)] [x- A rAr(xz)j = x- A U(xz, x)x A -> Y (^Cq"^^. 

On the other hand, from the properties of U(z,x) we know that x~ A U{xz 1 x)x A is holomorphic in every 
compact subset of {z \ \z\ > 1} and x~ A U{xz 1 x)x A = 1 + (-) as z — > 00. Thus 

U(z) := limx- A [/(xz,x)x A 

2;— >o 

exists uniformly in every compact subset of {z \ \z\ > 1} and 



£/(*) = J + 0( - 



00 



Then 



Y(z) - U(z)z A C = Y N {z)C , 
as we wanted to prove. Finally, the above result implies 



Y(z,x) =x A V(-,x)Y N (-)C 

X X 



x A V(i,x)G (I + O(z/x))x-'z- J C Q C = G (x)(7 + O(z))^C C , z^O 



x A t/(f,x)G 1 (0(f-l)))(f-l) J (7 1 C , o - G x (x)(I + 0(z-x))(z-xyC 1 Co, z^x 
Let Mo, Mi denote the monodromy matrices of Yat(z) in the basis of figure 13. Then: 

M = Co 1 Co 1 e 2iriJ C C = C^M a C 

M x = C^C^e^C^o = C^MiCo 
The same result may be obtained observing that from 



d(x- A Y(xz,x)) 
dz 



x~ A A x A x~ A A x x A x~ A A x x 



+ 



z - 1 



+ 



z — 



x A Y~(xz,x) 



(77) 
(78) 

(79) 



we obtain the system (70) as z = - and z = 00 merge (figure 15). The singularities z = 0, z = 1, 
z = 1/x of (79) correspond to z = 0, z = x, z = 1 of (68). The poles z = and z = 1 of (79) do not 
move as x — > and ^ converges to 00, in general along spirals. At any turn of the spiral the system (79) 
has new monodromy matrices according to the action of the braid group 



but 



Mi H> Mco, Moo >-> MooMiM" 1 
M 1 ^ M , M x 1 ^ M x 
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(1) : Branch cuts and loops for the fuchsian system associated with 

(2) : Branch cuts and loops when x^~o 

(3) : Branch cuts and loops for the rescaled system before and after 

Figure 15: 
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Hence, the limit Y(z) still has monodromy Mq and M x at z — 0,x. Since Y — Y^Cq we conclude that 
M and M x arc (77) and (78). 

In order to find the parameterization y(x;a,a) in terms of (xo, X\, x^) we have to compute the 
monodromy matrices Mq, Mi, M x in terms of a and a and then take the traces of their products. In 
order to do this we use the formulae (76), (77), (78). In fact, the matrices M t (i = 0, 1) and M\ can be 
computed explicitly because a 2 x 2 fuchsian system with three singular points can be reduced to the 
hyper-geometric equation, whose monodromy is completely known. 

Before going on with the proof, we recall that in the proof of Theorem 1 we defined a = — (or 
a = s for a = 0). 

Lemma 3: The Gauss hyper-geometric equation 

z{i -*)^z + bo- z(<*o + A) + 1)] j- z ~ a °P° y = ( 8 °) 



is equivalent to the system 

° ° . 1 ^1 * (81) 



dz 



z \ -a (3 —70 J z — 1 y 70 — a — (3o 



Lemma 4: Let Bo and B\ be matrices of eigenvalues 0,1 — 7, and 0,7 — a — (3 — 1 respectively, such 
that 

B + Bi = diag(-a,-/3), a ^(3 



Then 



a(l+P--f) 0(7-0-1) \ / 0(7-0-1) / d \ 

a-f) a-f) r \ n / a-fl -(-«0)l2 



n - fS([3+l- 7 ) 1 /3( 7 -o-l) ' 1 ~~ I _/ R N ff(/3+l-7) 

\ a-fS r a-f} ) \ l°0j21 a _p 

for any r^O. 



We leave the proof as an exercise. The following lemma connects lemmas 3 and 4: 
Lemma 5: The system (81) with 

a = a, P = (3 + 1, 70 = 7, f3 
is gauge-equivalent to the system 

rs Bi ' 

" + —7- X (82) 



z z — 1 

w/iere _Bo, Si are given m lemma 4- This means that there exists a matrix 

ni \ ( 1 

Gr(Z) := I (a-/3) Z +ff+l-7 z 1 
\ (l+o— j)r 0(1+0—7) r 

such that X(z) = G(z) *S>(z). It follows that (82) and the corresponding hyper- geometric equation (80) 
have the same fuchsian singularities 0,1, 00 and the same monodromy group. 

Proof: By direct computation. □ 

Note that the form of G(z) ensures that if j/i, yi are independent solutions of the hyper-geometric 
equation, then a fundamental matrix of (82) may be chosen to be X(z) = i^ 1 ^ ^ ■ We a ^ so 

observe that if we re-define n := r ^7^7^-^ 1 the matrices G(z), B , B\ arc not singular except for 
a = (3. Actually, we have 

/ ajp+l— 7) \ / 0(7 — — 1) 



1 1 I R - I <*-& 1 

°° " I Q/3(/3+l-7)(7-l-a) 1 /3(7-«-l) I ' 1 ~ / R \ W+l-7) 

— ^zrgp - 0-/3 / y -I-O0J21 0-/3 
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ni \ ( 1 

\ /3—a n n 

The form of Bo, B\ of Lemma 4 will correspond to the matrices define in Lemma 2 in general, while the 
form of B n , B\ above will correspond to (63) and (65) of Lemma 2 (with n i-> r). For this reason, we 
must disregard the matrices (64), (66) when we prove Theorem 1. 

Now we compute the monodromy matrices for the systems (69), (70) by reduction to an hyper- 
geometric equation. We first study the case a £ Z. Let us start with (69). With the gauge 

YW(z) :=z~i Y(z) 

we transform (69) in 

dY(1) lA ° A -' J lya) (83) 



dz 



A\ , A-fJ 



We identify the matrices £? , ^i with A — ^7 and with eigenvalues 0, — cr and 0, respectively. 
Moreover A\ + A - |7 = diag(-^i - f ,M - f ). Thus: 

a = [i+^, /3 = — M+T^i 7 = cr + l; a — /? = 2^t^0 by hypothesis 
The parameters of the correspondent hyper-geometric equation are 

«o = M + f 

/?o = i - n + f 

7o = a + 1 

From them we deduce the nature of two linearly independent solutions at z = 0. Since 70 ^ Z (cr Z) 
the solutions are expressed in terms of hyper-geometric functions. On the other hand, the effective 
parameters at z = 1 and z = 00 are respectively: 

Oil ■= a = n + § f Ofoo := a = fj, + f 

/?i := /3 = 1 - fJ. + § , < Poo ■= a - 7o + 1 = M - § 
7i : = + A) - 7o + 1 = 1 [ 7oo = <*o - Pa + 1 = 2/U 

Since 71 = 1, at least one solution has a logarithmic singularity at z = 1. Also note that 700 = 2/i, 
therefore logarithmic singularities appear at z = 00 if 2^ g Z\{0}. 

For the derivations which follows, we use the notations of the fundamental paper by Norlund [29]. To 
derive the connection formulae we use the paper of Norlund when logarithms are involved. Otherwise, 
in the generic case, any textbook of special functions (like [25] ) may be used. 

First case: a ,(3 Z. This means 

a ^ ±2[i + 2m, to € Z 

We can choose the following independent solutions of the hyper-geometric equation: 
At z = 

y { i\ z ) = f{(*o,Po,iq;z) 

yi°\z) = z 1 -T° i^(ao-7o + l,A)-7o + l,2-7o;z) (84) 
where F(a,f3,j; z) is the well known hyper-geometric function (see [29]). 
At z = 1 

y[ 1] (z) =F(cti,/3i,7i;l-z), y ( 2 1] \z) = g(a u 71; 1 - z) 
Here g(a,(3,'j; z) is a logarithmic solution introduced in [29], and 7 = 71 = 1. 

At z = 00, we consider first the case 2/x ^ Z, while the resonant case will be considered later. Two 
independent solutions are: 

yt ] =z~ ao ^00,^00,700;-), ^ oo) = ^- /3 ° F(/3 ,/3 - 7o + l,/3o-ao + l;-) 

z z 
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Then, from the connection formulas between F(...;z) and g(...;z) of [25] and [29] we derive 

[y[°° ) ,yt ) } = [y[°\y? ) ]c 0oo 

/ r -iira n r(l+ao-/3o)r(l- 7 o) r -iir8n r(l+/3o-a )r(l- 7 o) \ 

r = I r(i-0o)r(i+a o - 7 o) e r(l-a )r(l+/3 - 7o ) \ 

°°° \ r i7T(y n -an-D r(l+a -g )r( 7o -l) ,7r(7n-ft>-l) r(l+/3 -a )r(7 -l) I 

\ e r(ao)r(7o-/3o) e r(/3 )r(7o-a ) / 

,(°) „(°)l - rJ 1 ) J 1 ) 



\y?\vr] = W',v?']c i 



Coi 



n 7rsin(7r(a +)3o)) r(2- 7o ) 

U sin(7rao)sin(7r/3o) r(l-Q O )r(l-0o) 

r(7o) r(2- 70 ) 

r( 7o -ao)r(7o-/3o) r(i-a )r(i-A,) 



We observe that 



oo 



y(1) w = + °(^)) zdiag( " 

= G (/ + 0{z)) z dia S(°'- ff ) G^Go, 2 -> 
= Gi(J + 0(* - 1)) (z-l) 7 G 1; s-H 

where Go = T of lemma 2; namely G " 1 AGo = diag(|, — f )■ By direct substitution in the differential 
equation we compute the coefficient F 



1+2^ 



Thus, from the asymptotic behavior of the hyper-geometric function (F(a,(3,-f; j) ~ 1, z — > oo ) we 
derive 

/ I( Hf z ) r f_M „(<»)■ 



From 



we derive 



Y^(z)~ ^ ^ j Gq 1 G , z^O (85) 



( U — + VT \ a 2 — (2u) 2 

Finally, observe that Gi = I „ w I for arbitrary !i,«eC,ii/0, and cj := — 8 V ^ W . We recall 

that = 0(ai,|8i,l;l -2) - V("i)+V'(^i) - 2^>(1) - wr + log(z - 1), | arg(l - z)\ < tt, as z -> f. 
We can choose u = 1 and a suitable v, in such a way that the asymptotic behavior of Y"W for z — > 1 is 
precisely realized by 

Y«(z)= (»^(*) tf^)) Gx 
Therefore we conclude that the connection matrices are: 



(Gooo)n r g^rr^y(Gocx>) 



Go = Go 



12 



,(G 0oo )21 r |j(r 2 t^)(Gooo)22, 
A ^ x ^ / (Gooo)ll r 8^1-2) (^000)12 

& = G01 (G Go) = G01 I £ M2 £ £ rr , 

.(Uoo)21 r Sfl(1 _ 2fl) (C oo)22, 

It's now time to consider the resonant case 2^i e Z\{0}. The behavior of at z — 00 is 

r«(z)= f/ + ^ + of4D z dia g<-^-^-^ 
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R ={0 J' fOT ^=2' 1 '2' 2 '2'- 

and the entry i?i2 is determined by the entries of Aj. For example, if [i = ^ we can compute i?i2 = 
(Al)i2 = -r^^- (and F i2 arbitrary); if (j, = -| we have i? 2 i = (^-1)21 = -f £ ^r i ( and ^21 arbitrary); 

if = 1 we have R12 = —r a % 2 ~^ ■ 

Since a ^ Z, R ^ 0. This is true for any 2/x e Z\{0}. Note that the R computed here coincides (by 
isomonodromicity) to the R of the system(68). 

Therefore, there is a logarithmic solution at 00. Only Cooo and thus Co and C\ change with respect 
to the non-resonant case. We will see in a while that such matrices disappear in the computation of 
tr(MiMj), i,j — 0,1, x. Therefore, it is not necessary to know them explicitly, the only important 
matrix to know being C01, which is not affected by resonance of \i. This is the reason why the formulae 
of theorem 2 hold true also in the resonant case. 

Second case: ao,A) <= Z, namely 

cr = ±2^ + 2m, to € Z 

The formulae are almost identical to the first case, but C01 changes. To see this, we need to distinguish 
four cases. 

i) a = 2[i + 2m, to = —1, —2, —3, .... We choose 

y { 2~\ z ) = 5o(«i,/3i,7i; 1 - z ) 

Here go(z) is another logarithmic solution of [29]. Thus 

/ r(-m)r(-2^-m+l) n \ 

n _ I T(-2n-2m) U \ 

M)l - I Q r(l-2 M -2m) ] 



r(l-m-2/i)r(-ro) 



As usual, the matrix is computed from the connection formulas between the hyper-geometric functions 
and go that the reader can find in [29] . 

ii) a = 2/i + 2m, to = 0, 1, 2, .... We choose 

Vi 2) = 3(ai,/3i,7i; i-^) 

/ n r(m+l)r(2p+m) \ 

r < _ I U r(2 (I +2m) \ 

° 01 _ 1 r(2 M +2m+l) n I 

\ r(2 M +m)r(m+l) U / 

iii) a = —2[i + 2m, to = 0, —1, —2, .... We choose 

y2 ] ( z ) = .9o(«i,/3i,7i; i-^) 

Thus 

C01 = I n2 "--"" 



r(l-m)r(2jj-m) q 



( , r(l+2^-2m) 



r(2^-m)r(l-m) 

iv) fj = — 2/j, + 2m, to = 1,2, 3, .... We choose 



Thus 

Cqi 



2/2^ ( z ) = fl(ai,£i,7i; 1 - z ) 



n r(m)r(m+l-2/j) 

U r(2m-2^) 

r(2m+l-2 M ) ' n 

r(m+l-2/^)r(m) u 
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(0 r \ 
1 ^) 2 '' j ^ n ^ 6 CaS ° a = ^' G ' m = ^ because A" has a special 

a 2 — (2u) 2 cr 2 — (2u) 2 

form in this case. Then in Go the elements g^lH^t) (Gooo)i2, 8^(1-2^) (^000)22 must be substituted, for 
m = 0, with ir^(Cooo)i2, jz^j (£000)22 • 

We turn to the system (70). Let Y be the fundamental matrix (73). With the gauge 

Y^(z) :=G^ (y n (z)G ) 



we have 



dY( 2 



z z — 1 



y(2) 



dz 

B = G- l A° G = ( A iz ) - ^ = G-M^Go = ( I 

V 4s 4 / V 4s 

This time the effective parameters at z = 0, 1, 00 arc 






If follows that both at z = and z = 1 there are logarithmic solutions. We skip the derivation of the 
connection formulae, which is done as in the previous cases, with some more technical complications. 
Before giving the results we observe that 



f) 



= G Q - 1 G {l + 0{z))z J C' , z^O 
= G ~ 1 G 1 (1 + 0(z - l)){z - 1) J C[, z^l 

where 

Cl := G 2 G , i = 0,l 

Then 

Mo = Go (C'v)- 1 (J 2 ™) C^Go 1 , M^GolG,)" 1 (J 2 ™) Gj Gq 1 
So, we need to compute CL i = 0,1. The result is 



C = ( (^Ooo)ll 5TTf(Gooo)l2 
° ^(^000)21 ^Tl(Gooo)22 



1 — ^Ol^O 



where 



( r(^o-ao) iTTan n \ / O ^ 

r(/3 )r(l-a ) e U I r' - I sin(Trao) 

r(ao-/3o) i7T n r(l-a )r(^o) i7r/ 3 I ' °01 I sin^ao) _ p -i 7 ra 

r(a )r(l-/3 ) e r(/3 -a +l) / V 7T e 

The case a € Z interests us only if er = 0, otherwise a £ C\{(— oo, 0) U [1, +oo)}. We observe that 
the system (69) is precisely the system for Y^ 2 \z) with the substitution a i-> — 2(i. In the formulae for 
xf, i = 0, 1, oo we only need Goi, which is obtained from G 01 with a = (J,. 

As for the system (70), the gauge Y^ = G^YGq yields B = o)'^ 1= (o 1 Here 
G is the matrix such that Gq 1 AG = ( ? }. ) . The behavior of Y~( 2 )(z) is now: 



x °, 

Y<V(z) = (J + 0(-)) z J 



oo 
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= G (l + 0(z))z J G , z^O 
di (1 + 0(z - l))(z - 1) J C[, z^l 



Here Gi is the matrix that puts Bi in Jordan form, for i = 0, 1. can be computed explicitly: 

Y^(Z): 



1 s log(z) + (1 - s) log(> - 1) 
1 



If we choose Go =diag(l, 1/s), then 



In the same way we find 



r , _ , 1 

~ I « 



g; = 



1 

1 - s 



To prove Theorem 2 it is now enough to compute 



2-x 2 = tr(M M x )= tT(e 2 ^ J (C' 01 )- 1 e 27TlJ C' ( 



oi J 



2-x\ = \x{M x M{) = tr((C0- 1 e 2 " J C 1 C 01 1 e 2 " J Coi) 



2-x 2 OQ = tr(M Mi) ee ^((C^-^^^CoCoVe^Coi) 

Note the remarkable simplifications obtained from the cyclic property of the trace (for example, Go, C\ 
and Go disappear). The fact that Go and C\ disappear implies that the formulae of Theorem 2 are 
derived for any /j ^ 0, including the resonant cases. Thus, the connection formulae in the resonant case 
2\i e Z\{0} are the same of the non-resonant case. The final result of the computation of the traces is: 

I) Generic case: 

2(1 - cos(na)) = x\ 



^ ) (2 + F{a, l £)s+ T ^)=x{ 



(86) 



where 



2cos 2 (§ct) 



cos(7T(t) — COs(2"7Ty[i) x\ + X 2 ^ — X XlX o 

II) a e 2Z, x = 0. 



i6 <T r(2±i^ 4 



r(i- M + §) 2 i> + §) 2 



2(1 - cos(Trcr)) = 
4sin 2 (7r^) (1 - s) = x\ 
4 sin 2 (71-^) s — x 2 ^ 

III) Xq = 4sin 2 (7r^). Then (32) implies x 2 ^ = —x\ exp(±27ri/x) . Four cases which yield the values of a 
non included in I) and II) must be considered 

III1) a4 = -x\e- 2 ^ 

(7 = 2^+ 2m, m = 0, 1,2, ... 
T(m + l) 2 r(2 M + m) 2 2 



III2) x 2 ^ = -x 2 e 2 ^ 



(7 = 2/1 + 2m, m = —1, —2, —3, ... 
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III3) x; 



COS 4 (7T^i) 

-x\e 2 ^ 



i6 2 ^ +2m r( M + to + i) 4 r(-2^ - to + i) 2 r(-m) 2 x\ 



a = -2^ + 2m, m = l,2,3,... 

r(TO-2/i + i) 2 r(TO) 2 2 



III4) a£, = -a; 2 e- 27r v 



16 -2 (l +2m r (_ ft + m+ l)4 



ct = -2^ + 2to, to = 0, -1, -2, -3, ... 
16- 2Ai+2 "T(-^ + to + i) 4 r(2 M - TO) 2 r(l - to) 2 x\ 



COS 4 (7T^) 

We recall that a in y(x; cr, a) is a = — ^ in general, and a = s for a = 0. 

To compute a and s in the generic case I) for a given triple (xo, x\, Xoo)) we solve the system (86). 
It has two unknowns and three equations and we need to prove that it is compatible. Actually, the first 
equation 2(1 — cos(tt<t)) — x\ has always solutions. Let us choose a solution a (±<r + 2n, Vra e Z arc 
also solutions). Substitute it in the last two equations. We need to verify they are compatible. Instead 
of s and - write X and Y . We have the linear system in two variable X, Y 



F(a Q ) 



l 




/M xj - 2 
2 - f(*o) a& 



The system has a unique solution if and only if 2isin(7rcro) = det 



l 



?0. 



F(a ) 
F(a ) e-™ aa 

This happens for <jq ^ Z. The condition is not restrictive, because for a even we turn to the case II), 
and a odd is not in C\[(— oo, 0) U [1, +oo)]. The solution is then 



X = 



2(1 + e - l ™ a ) - f(a ){xl + x^e-^) 



Y = F(a ) 



F{(j )(e- 2ma « - 1) 
f{a {) )e- i7uya {e- inaa xl + x 2 ^) - 2 e - i7RT ° (1 + e -™ aa ) 



e — 2iria _ I 

Compatibility of the system means that X Y = 1. This is verified by direct computation. 

') - (x 2 + a&e- 4 ™)/^)] [(x 2 e — + ^)f{a) - 2(1 + e 



XY = 



[2(1 



')] 



-2i-K<j 



i) 2 



8cos 2 (^)(x 2 + xl)f(a) 4(4 - sin 2 (^)) - ((x 2 + x^f ^^/(a) 2 



—4 sin {na) 

Using the relations cos 2 (^) = 1 — Xq/4, cos(ncr) = 1 — Xq/2 and f(a) 



4-xi 



XY = — 

Xn 



-2(x 2 + x 2 co )f(a)+4+ ixl+X ^ )2 



(xqXiXoo) 2 



we obtain 



X-y X XqXiXqq 



= — (4 - (x 2 + xlc - x x lXoo )f(a)) = — (4 - (4 - x 2 )) = 1 
x x 

It follows from this construction that for any a solution of the first equation of (86), there always 
exists a unique s which solves the last two equations. 
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To complete the proof of Theorem 2 (points i), ii), in)), we just have to compute the square roots 
of the x\ (i = 0, 1, oo) in such a way that (32) is satisfied. For example, the square root of I) satisfying 
(32) is 

x = 2 sin( §cr) 
x\ = • I \fF{a, ijl) s + 



i— ( JF(a,fi) s e'^ - 1 ) 



which yields i), with F(a,fi) = f(o-,ii)(2G(a,fi)) 2 . . 

We remark that in case II) only a = is in C\{(— oo, 0) U [1, +oo)}. If [i integer in II), the formulae 
give (xo , x\ , Zoo ) = (0,0,0). The triple is not admissible, and direct computation gives R = for the 
system (83). This is the case of commuting monodromy matrices with a 1-parameter family of rational 
solutions of PVIp. 

The last remark concerns the choice of (63), (65) instead of (64), (66). The reason is that at z = 
the system (83) has solution corresponding to (84). This is true for any er ^ in C\{(— oo, 0) U [1, +oo)}, 
also for a — > ±2fi. Its behavior is (85), which is obtainable from the G = T of (63), (65) but not of 
(64), (66). See also the comment following Lemma 5. 

□ 

Remark: In the proof of Theorem 2 we take the limits of the system and of the rescaled system for 
x — )■ in D(a). At x we assign the monodromy Mq,M\,M x characterized by {xq,x\,x 00 ) and then 
we take the limit proving the theorem. If we start from another point x' G D(a) we have to choose 
the same monodromy Mq, M\, M x , because what we are doing is the limit for x — > in D(a) of the 
matrix coefficient A(z, x; xo,Xi,Xoo) of the system (68) considered as a function defined on the universal 
covering of C n {|x| < e}. 

Proof of Remark 2 of section 4: 

We prove that a(a) = 16a ^_ a ^ , namely s(a) = j(-^pj (a = —j^)- Given monodromy data (xo, Xi, Xoo) 
the parameter s corresponding to a is uniquely determined by 

1 f 2 + F(a) s + • 1 



m V V 7 F(a) s 



1 > 2 



2 -F(v)e-™ s-———— = x 



f(a) V F{o)e-™ a s, 

We observe that f(a) = /(— a) and that the properties of the Gamma function 

V(l-z)T(z) = ^—, r(z + l) = zT(z) 
sm(7T2; ) 

imply 

F(-a) 



F(a) 

Then the value of s corresponding to — o is (uniquely) determined by 



s F(a)e 



f(a) V F(a)e-- 
We conclude that s(— a) = —j^j- 

Proof of formula (44) : 

We are ready to prove formula (44), namely: 



Xr^, 



Pi: ((J, a) i y ((J, ae ) 
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For a = we have xq = and f5\ : (0,xi,Xoo) i-> (0,xi,Xoo). Thus 



^2 ^2 

Ct = 2 ~ 1 ^ 2 2 = ^ 
Xi "I - X^_ Xi -\- X^ 



For cr = ±2^ + 2m, we consider the example cr = 2p + 2m, to = 0, 1, 2, .... The other cases are analogous. 
We have s = x\ H(a) = —x^ H(a)e 27Tl ' 1 , where the function H(a) is explicitly given in theorem 2, III). 
Then 

Pi : s = -x^ff(cr)e 27rv ^ -x 2 H(a)e 2mf * = -se 2m » 



Then 



3 2 : s i y se im ^ =^> aer^ = ae- 2ma 



For the generic case /) (cr ^ Z, a ^ ±2/i + 2to) recall that 

F (°) s + = x 2 f(a) - 2 

F(a)e-™ s + fMe 1 ,„ - = 2 - x^/(a) 

has a unique solution s. Also observe that /3i : Xoo i-> xi. Then the transformed parameter f3\ : s i-> s^ 1 
satisfies the equation 

F(cr)e- 47r<T s ft + - - 1 g- = 2 - x?/(cr) 

F(a) s + 1 



F(a) s, 

0{ : s M. se^ m a a e" 



Thus s 01 = -e 17 " 7 s. This implies 



□ 



We finally prove the Proposition stated at the end of Section 4. 

Proof: Observe that both y(x) and y(x; cr, a) have the same asymptotic behavior for x — > in D(a). Let 
Aq(x), Ai(x), A x (x) be the matrices constructed from y{x) and Aq(x), Al(x), A* x (x) constructed from 
y(x; cr, a) by means of the formulae (21). It follows that Ai(x) and A*(x), i = 0,1, x, have the same 
asymptotic behavior as x — > 0. This is the behavior of Lemma 1 of section 8 (adapted to our case). 
From the proof of Theorem 2 if follows that Aq(x), Ai(x), A x (x) and Aq(x), A\ (x), A*(x) produce 
the same triple (xo, X\, x^). The solution of the Riemann-Hilbert problem for such a triple is unique, 
up to conjugation of the fuchsian systems. Therefore Ai(x) and A*(x), i = 0,1, x are conjugated. 
If 2/i ^ Z the conjugation is diagonal. If 2/j <G Z and R ^ 0, then A^(x) = A*(x) (see notes 2 
and 3 for details). Putting [A(z;x)]i 2 = and [A* (z; x)] 12 = we conclude that y(x) = y(x;o-,a). 

□ 

10 Proof of Theorem 3 

The elliptic representation was derived by R. Fuchs in [14]. In the case of PVI^ the representation is 
discussed at the beginning of sub-section 5.1. Here we study the solutions of (33). 

To start with, we derive the elliptic form for the general Painleve 6 equation. We follow [14]. We put 



J oo 



dX 

^A(A ~(A -~x) 



We observe that 

du du dy du 1 dy du 

dx dy dx dx ^J y [ y - l)( y - x ) dx dx 

from which we compute 

d 2 u 2x — 1 du u 

+ —, TTT + 



dx 2 x(x — 1) dx Ax(x — 1) 
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^y(y-l)(y-x) 



fy + (l_ + J_ + J_\ dy_l_(l_ + J_ + _J_\ (dyV 
dx 2 \x x — 1 y — x J dx 2 \y y — 1 y — x) \dx J 

d 2 u 2x — 1 du u 

+ 7T^7 + ~, 7T IT- + 



dx 2 x(x — 1) dx 4x(x — 1) 
By direct calculation we have: 



d 2 u 2x — 1 du u 1 \Jy{y — l)(y — x) 



dx 2 x(x — 1) dx 4x(x — 1) 2 x(x — 1) (y — x) 2 
Therefore, y(x) satisfies the Painleve 6 equation if and only if 



d 2 u 2x - 1 du u _ yjyjy- l){y - x) 

dx 2 x(x - 1) dx 4x(x 2x 2 (l - xf 



x — l ( ' 1\ x(x — 1) 
2a + 2/3— + 7- — + (5 - - » 



y 2 '(y-i) 2 V 2; ( y -x) 2 

(88) 



We invert the function u = u(y) by observing that we are dealing with an elliptic integral. Therefore, 
we write 

V = f(u,x) 

where f(u,x) is an elliptic function of u. This implies that 



The above equality allows us to rewrite (88) in the following way: 

x d 2 u „ , du 1 1 9 , , . . 

^ " 5? + ^ " ^ ^ " 4 " = MT-^) a^ (u ' x) ' (89) 

where 

^(«, x) := 2af(u, x) - 2^—^— + 2 7 - 1 ~ X + (1 - 26)- X ^ X ~ ^ 



/(u,x)-l f(u,x)-x 

The last step concerns the form of f(u,x). We observe that 4A(A — 1)(A — x) is not in Weierstrass 
canonical form. We change variable: 

, , 1 + a: 

and we get the Weierstrass form: 

4A(A - 1)(A - x) = 4t 3 - g 2 t - g 3 , g 2 = -(1 - x + x 2 ), <? 3 := — {x - 2)(2x - 1)(1 + a;) 

Thus 



2 -Zoo V 4 * 3 -52^-53 

which implies 

1 + a; 



y( x ) = p (|;wi,w 2 ) + 



We still need to explain what are the half periods uii, w 2 . In order to do that, we first observe that the 
Weierstrass form is 

At 3 - g 2 t - 53 = 4(t - ei)(t - e 2 )(t - e 3 ) 

where 

2 - a; 2a; - 1 1 + x 



Therefore 



ei = — — , e 2 = — - — , e 3 



.9 := v e i — 62 = 1, re := = x, re := 1 — re = 1 — x 

ei - e 3 
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and the half-periods are 



1 

uji = - 



U> 2 



g Jo va-exi-^ 2 



^J {l _ e){1 _ K ,2 e) J, 



v/(l-e 2 )(l-< 2 ) 



K(x) 

= iK(l - x) 



The elliptic integral K(x) is known: 



1 1 



2' 2' 



1 1 



2' 2' 



71=0 



KM 

(n!) 2 



-a;". 



K(x) and K(l — x) are two linearly independent solutions of the hyper-geometric equation 



x(l - x)u" + (1 - 1x)J - = 0. 



Observe that for |arg(x)| < 7r: 



1 1 



2' 2' 



irF -,-,l;l -x) =F[-,-,l;x)ln(x)+F 1 (x 



1 1 



where 



11 ' ' ^ (n!) 2 

n=0 y ' 



2' 2' 



iP{n + -) - V(n + 1) 



x", VW = ^lnr(z). 



Therefore w 2 (x) = — |[-F(x) ln(x) + -Fi(x)] where -F(x) is a abbreviation for F (5, |, 1; x). The series of 
F(x) and i*i(x) converge for |x| < 1. We conclude that PVI^ is equivalent to (33). 
Incidentally, we observe that 

u(x) 



y{x) = P —r-;u} 1 {x),w 2 {x) - e 3 



sn- 



/ u(x) 9 



Proof 0/ theorem 3: We let x -> 0. If 3?t > and 



4wi 



(90) 



we expand the elliptic function in Fourier series (38). The first condition 3r > is always satisfied for 
nO because 

1 4 

3?t(x) = ln|x| + -ln2 + (3(x), x -> 0. 

7T 7T 

Therefore, in the following we assume that |x| < e < 1 for a sufficiently small e. We look for a solution 
u(x) of (33) of the form 

u(x) — 2vxloi(x) + 2v 2 lo 2 (x) + 2v(x) 



where v(x) is a (small) perturbation to be determined from (33). We observe that 



u{x) _ Ui U2 . . ^(x) _ Ui U2 
4wi(x) ~ 2 + 2 TW 2wi(a;) ~ 2 + 2 



i i Fi{x) 
-lnx -— - 

7T 7T F(x) 



i>(x) 
2wi(x) 



Note that for x — > F p(*) = — 4 In 2 + g(x), where g(x) = 0(x) is a convergent Taylor series starting 



with x. Thus, the condition (90) becomes 

(2 + sftz/ 2 )ln|x| -C{x,v u u 2 ) - 8 In 2 < 3?^ 2 arg(x) < (5fti/ 2 - 2)ln|x| - C{x,u u v 2 ) + 8 In 2, (91) 
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where C(x, v\ , v 2 ) = + 4 In 2 $tv 2 + tt Q^i + 0(x)] . We expand the derivative of p appearing in (33) 



d (u 



( u \ f ir \ 3 ^ n 2 e 2 * mT . / mra\ ( tt \ 



3 cos 



^n 3 (S) 



1 / TT 



2i Vwi 



3 y, n 2 e 2 "" T / 

/ / ^ g27rmr y 



71=1 



) 



7T 

2^ 



e 4 "i +e 4 -i 



Now we come to a crucial step in the construction: we collect e * 4 ^i in the last term, which becomes 

Ai 



7T \ e 4 "i + e 4 "i 



2wi 



3 ' 



The denominator does not vanish if 



27T2 , - 

e 4 ^i 



< 1. From now on, this condition is added to (90) and 



reduces the domain (91). The expansion of -3-p becomes 



d (U \ 1 / TT \ 3 " n^h^j f^nf 

_p^ ;Wl , W2 j = _^ j ^ L 

v / n— 1 v 



2iirn v\-\-v-2.t-\-- 



~\ - 1 



+4i 



7r \ e 
2^~ 



7TI Vl+I'2T+- 



TJ - 1 



We observe that 



Hence 



o c 

^ CT = T^c e ° 9(X) = ^(1 + 0(4 ^^0, foranyCeC. 



16 c 

9 (u 



-p(1;u u u 2 )=tU 



2 — l/o — in — f 9 ^tt — 



162-^2 



' 16^ 



where 



F{x,y,z) 



1 / 7T 



3 oo 

E 



2 n{2-v 2 )g{x) 



We 



2l W^)/ ^ 1- [j E e9^)] 2n x 2n 



?/"(e 2m/29(x V"-l)+4i 



3 g2i^2ff(2:) z 2 gi^29(a;) z 
2wi(x) 7 (e^9(^) Z - l) 3 



The series converges for |x| < e and for \y\ < 1, |yz| < 1; this is precisely (90). However, we require 
that the last term is holomorphic, so we have to further impose \e" 29 ^ z\ < 1. On the resulting domain 
\x\ < e, \y\ < 1, \e 1 " 29 ^ z\ < 1, T{x,y,z) is holomorphic and satisfies 



The condition \y\ < 1, \e V29 ^ z| < 1 is 



J"(0,0,0) = 0. 



16 2 - "2 x e 



< 1, 



< 1 , namely 



K^ 2 ln|a;| - C(x, vi,v 2 ) < 3i/ 2 arg(x) < (Sfti/ 2 - 2) In |ar| - C(x, v\, v 2 ) + 81n2, 



(92) 



which is more restrictive that (91). For ^siy 2 — any value of arg(x) is allowed, but 



< 



1, 



IQ U 2 



< 1 imply 



< ^ 2 < 2. 



Thus, ^2 = is not allowed. 

The function T can be decomposed as follows: 

/ -iirvi 

T = T I x, 



X V2 + 
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If x belongs to the domain (92) (or to T>(r; 1^1,^2) ) than the path does not leave the domain when s — > 0, 
provided that 

< v* < 2. 

If = we take the path args = argx, namely v* = v 2 . The parameterization of the path is 

s^e'h^ 1 "^}, 0<p<|x| 

therefore 



\ds\=P{v 2 ,u*)dp, Y+ ^l^ 
We observe that for any complex numbers A, B we have 

/ o (m + i^ 2 i + i^ 2 ir 1*1 < „ JSf } ^ (m + i^ 2 i + i^ 2 D' 

JL(i) p| nmin(i/ , 2 - f J 

This follows from the consideration that on L(x) we have 



(94) 



Therefore 



J L(x) \ s \ \ x \ \ x \ JO 



,* 1 1 1 — n . 



\Ax 2 ~ V2 V \Bx V2 \ k 



i + j(2 — v*) + kv* ~ (i + j + k) min(^*, 2 — v*) 

from which (94) follows, provided that < v* < 2. For = this brings again < v 2 < 2. 

We observe that a solution of the integral equations is also a solution of the differential equations, 
by virtue of the analogous of Sub-Lemma 1 of section 8: 

Sub-Lemma 2: Let f(x) be a holomorphic function in the domain \x\ < e, \Ax 2 ~" 2 \ < e, \Bx V2 \ < e, 
such that f(x) = 0(\x\ + \Ax 2 \ + {Bx^D, yl,J3eC. Let L(x) be the path of integration define above 
for0<i/*<2 and 

F(x) := / -f(s) ds 

JL(x) s 

Then, F{x) is holomorphic on the domain and dF } x ^ = - fix) 



dx 

Proof: We repeat exactly the argument of the proof of Sub-Lemma 1, section 8. We choose the point 
x + Ax close to x and we prove that J L , x -> — $ L i x+ /\ x \ = fx +AX > where the last integral is on a segment. 
Again, we reduce to the evaluation of the integral in the small portion of L(x), L(x + Ax) contained in 
the disc Ur of radius R < \x\ and on the arc j(xr,x' r ) on the circle \s\ = R. Taking into account that 
f{x) = 0{\x\ + \Ax 2 - U2 \ + \Bx V2 \) and (94) we have 



-/(*) ds 

L(x R ) s 



< 



min(z/* ,2 — v*) 



< I ±. {\s\ + \As 2 -» 2 \ + \Bs» 2 \) \ds\ 

JL(xr) \ s \ 



0(\x R \ + \Ax 2 R -» 2 \ + \Bx%\) 



min(f*, 2 — v*) 



0{R 



min-JV* ,2 — } 



The last step follows from \x\ 



\ T , 1 a v As for the integral on the arc we have 



Y^lR u * . So the integral vanishes for R — > 0. The same is proved for 

\x\ 



\axgx R -srgx R \ 



arg x — arg(x + Ax) H — log 



^2 



Ax 
1 + 

x 
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or | argXR — argx' fl | — |argx — arg(x + Ax)| if 9^2 = 0. This is independent of R, therefore the length 
of the arc is O(R) and 



l(xR,x' H )j^\f( S )\ 



\da\ 



^ r in{/,2-/}) for X ^ 



□ 



Now we prove a fundamental lemma: 
Lemma 6: For any complex v\, v 2 such that 

V2 £ (-oo,0] U [2,+oo) 

there exists a sufficiently small r < 1 such that the system of integral equations has a solution v(x) 
holomorphic in 



V{r;v 1 ,v 2 ) ■= | a; G C such that \x\ < r, 



„2-i/ 2 



< r, 



< r 



16 2 -"2 



+ 



Moreover, there exists a constant M \u 2 ) depending on v 2 such thatv(x) < M{v 2 ) (\x\ + 
in T>(r; V\,v 2 ) ■ 

To prove Lemma 6 we need some sub-lemmas 

Sub-Lemma 3: Let $(x,y,z) and ^f(x,y, z,v,w) be two holomorphic functions of their arguments for 
\x\, \y\, \z\, \v\, \w\ < e, satisfying 

$(0, 0, 0) = 0, *(0, 0, 0, v, w) = V(x, y, z, 0, 0) = 

Then, there exists a constant c > such that: 

\$(x,y,z)\<c (M + |y| + |*|) (95) 

\*(x,y,z,v,w)\<c (\x\ + \y\ + \z\) (96) 
\^(x,y,z,v 2 ,w 2 ) - ^{x,y,z,v 1 ,w 1 )\ < c(\x\ + \y\ + \z\) (\v 2 - t>i| + \w 2 - wx\) (97) 
for \x\, \y\, \z\, \v\, \w\ < e. 
Proof: Let's proof (96). 

f 1 d 

^(x, y,z,v,w) = / — ^(Ax, Ay, Xz, v, w) dX 
Jo "A 

f 1 <9* f 1 9* f 1 <9* 

x / ——(Xx,Xy,Xz,v,w)dX + y ——(Xx,Xy,Xz,v,w)dX + z -—(Xx,Xy,Xz,v,w)dX 

Jo ° x Jo °y Jo ° z 

Moreover, for 5 small: 



16"2 



dx 



(Ax, Xy, Xz, v, w) 



L 



V((,Xy,Xz,v,w) d( 
C-\x\=5 (C - Ax) 2 2m 



which implies that ^ is holomorphic and bounded when its arguments are less than e. The same holds 
true for ^ and This proves (96), c being a constant which bounds |§f |, ^ |§f |- The inequality 
(95) is proved in the same way. We turn to (97). First we prove that for |x|, \y\, \z\, \vi\, \w\\, \v 2 \, \w 2 \ < e 
there exist two holomorphic and bounded functions ipi(x, y, z, vi, Wi, v 2 , w 2 ), ip 2 (x,y,z,vi,w\,v 2 ,w 2 ) 
such that 

*(x, y, z, v 2 , w 2 ) - *(x, y, z, Vi,W\) 
= {v 2 - «i) i>i{x,y,z,v 1 ,w 1 ,v 2 ,w 2 ) + (wi - w 2 ) ip 2 (x,y,z,v 1 ,wi,v 2 ,w 2 ) (98) 
In order to prove this, we write 



*(x, y, z, v 2 , w 2 ) - *(x, y, z, Vi,w{) 



59 



f 1 d 

= / —i&(x,y,Z,\V2 + (l — \)vi,\W2 + (l — X)Wi)d\ 
Jo ">A 

f 1 

= (v 2 - vi) J y, z, Xv 2 + (1 - X)v!,Xw2 + (1 - A)u?i) dX + 

f 1 a* 

+ (w2 — w\) J — (x,y,z, Xv2 + (1 - X)vi, Xw2 + (1 - A)ioi) dX 

=■ {V2 - «i) *pi(x 7 y,z,v 1 ,w 1 ,v 2 ,w 2 ) + (w 2 - to! ) r/> 2 (aJ, j/, z, ui, toi, u 2 , w 2 ) 
Moreover, for small S, 

5* /" ^(x,y,z,(,w) dz 



f 

-(x,y,z,v,w) = \ 

J\C-v\=. 



dv ' J|c-t>|=5 (C~ v ) 2 2 « 

which implies that ipi is holomorphic and bounded for its arguments less than e. We also obtain 
§f-(0, 0, 0, v, w) — 0, then tpi (0,0, 0,^1,^1,^2,102) = 0. The proof for ip 2 is analogous. We use (98) to 
complete the proof of (97). Actually, we observe that 

f 1 d 

ipi(x,y, z,vi, wt,v 2 , w 2 ) = J —il) i (Xx,Xy,Xz,v 1 ,wi,V2,w 2 ) dX 

= x / -gz dX + y / -^7 dX + z / -jz dX 

Jo ox Jo °V Jo oz 

and we conclude as in the proof of (96). 

□ 

We solve the system of integral equations by successive approximations. We can choose any path 
L(x) such that < v* < 2. Here we choose v* = 1. For convenience, we put 

A:=^— n , B:-- 



162-^2 ' • 16^2 
Therefore, for any n > 1 the successive approximations are: 

vq = wo = 



w n (x)= f \{^{ S ,A s 2 - v \B s ^) + ^{ s ,A s 2 - v \B s v \v n ^{ s ),w n ^{ S ))} ds (99) 

Jl{x) 1 

v n (x) = [ - w n (s) ds (100) 

Jl(x) S 

Sub-Lemma 4: There exists a sufficiently small e' < e such that for any n > the functions v n (x) and 
w n (x) are holomorphic in the domain 



V 



(e'; 1/1, v 2 ) := jz G C such that \x\ < e', \Ax 2 "" 2 1 < e', \Bx" 2 \ < e'j 



They are also correctly bounded, namely \v n (x)\ < e, \w n (x)\ < e for any n. They satisfy 

\v n Vn _!| < ^ nP J^ 2n ( ]a .| + }Ax 2-^ + | B ^2|)« (1Q1) 

\w n «;„_i| < ( 2c )"^^ 2 ) 2 " ( N + |Ar 2 -^| + (102) 
w/iere P{v 2 ) := P(v 2 ,v* = 1) and c is f/ie constant appearing in Sub-Lemma 3. Moreover 

dv n 
X-— = w n 
dx 
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Proof: We proceed by induction. 

Wl = [ -^{s 1 As 2 - u \Bs V2 ) ds, Vl = [ - Wl (s)ds 
Jl(x) s JL{x) s 

It follows from Sub-Lemma 2 and (95) that wi(x) is holomorphic for \x\, \Ax 2 ~ U2 \, \Bx V2 \ < e. From (94) 
and (95) we have 

\wi(x)\ < J l|$( s ,A s 2 -^,i?^)| \da\ 

< cP(v 2 )(\x\ + \Ax 2 - V2 \ + \Bx U2 \) < 3cP{v 2 )e' < e 

on T>(e'; v\, v 2 ), provided that e' is small enough. By Sub-Lemma 2, also vi(x) is holomorphic for 
\x\,\Ax 2 ~ V2 \,\Bx V2 \ < e and 

dvi 
x— = wi 
dx 

By (94) we also have 

\vi(x)\ < cP(v 2 ) 2 (\x\ + \Ax 2 -^\ + \Bx» 2 \) < ZcP(v 2 ) 2 e' < e 

on T>(e'; v\, v 2 ). Note that P{v 2 ) > 1, so (102) (101) are true for n = 1. Now we suppose that the 
statement of the sub- lemma is true for n and we prove it for n + 1. Consider: 



\w n+1 (x) - w n (x) 
By (97) the above is 



/ - [*(«, As 2 - V \ Bs V2 ,v n ,w n )-*{s, As 2 -" 2 , Bs» 2 , v n - U w n -i)\ ds 

JL(x) s 



<c f -i-(|s| + \As 2 ~ V2 \ + \Bs V2 \) (\v n - v„-i\ + \w n - w n -i\) \ds\ 
JL(x) \ s \ 



By induction this is 

2c (2c)"P(^ 2 ) 2 " r i + 2 + | B ^| )n+ i | ds | 

™ ! Jl(x) \ s \ 

<ffl^ (w + l ^-, | + |Bx , |r+ . 

This proves (102). Now we estimate 

K + i(ar) -u„(a;)| < / |w„+i(s) - w n (s)\ \ds\ 

JL(x) 

w»*-«r*\ f _L (|s|+|As2 -» |+|Bs » |r « w 



< 



(n + 1)! 



This proves (101). From Sub-Lemma 2 we also conclude that w„ and «„ are holomorphic in T>(e', v\,v 2 ) 
and 

x— = w„ 
dx 
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Finally we see that 

n 

\v n {x)\ < M&) ~ "fc-i(aO| < exp{2cP 2 (i/ 2 )(M + \Ax 2 -" 2 \ + \Bx V2 \)} - 1 < exp{6cP 2 (^ 2 )e'} - 1 

k=l 

and the same for |w„(a;)|. Therefore, if e' is small enough we have |u„(a;)| < e, |tu„(a:)| < e on T>(e', V\, v 2 ). 

□ 

Let's define 

v(x) := lim v n (x), w(x) := lim w n (x) 

n— >oo n— >oo 

if they exist. We can also rewrite 

oo 

v(x) = lim v n (x) = y~](v n (x) - v n -!{x)). 

n=l 

We see that the series converges uniformly in D(e', v<i) because 

oo 

I ^2(v n (x) - v n -i(x))\ 

n=l 

(2c) n P{v 2 ) 2n 



< J2 — (M + \Ax 2 -^\ + \Bx^\) n 

n=l U - 

= cxp{2cP 2 (v 2 )(\x\ + \Ax 2 ~ V2 \ + \Bx" 2 \)} - 1 

The same holds for w n (x). Therefore, v(x) and w(x) define holomorphic functions in T>(e' ', v\, v 2 ). From 
Sub-Lemma 4 we also have 

dv(x) 
X — - — = wix) 
ax 

in V{e' ,v-t,v 2 ). 

We show that v(x), w(x) solve the initial integral equations. The l.h.s. of (99) converges to w(x) for 
n — »■ oo. Let's prove that the r.h.s. also converges to 

/ - {<5>{s,As 2 - V2 ,Bs» 2 ) + »f{s,As 2 - ,/2 ,Bs" 2 ,v{s),w(s))} ds. 

Jl(x) s 

We have to evaluate the following difference: 

/ -${s,As 2 - V2 ,Bs" 2 ,v(s),w(s)) ds - [ -^(s,As 2 -" 2 7 Bs" 2 ,v n (s) 7 w n {s)) ds 

JL(x) s Jl(x) s 

By (97) the above is 

/ ±-A\s\ + \As 2 - V2 \ + \Bs» 2 \) (\ v - Vn \ + \w-w n \) \ds\ (103) 
JL(x) \ s \ 



c < 

lL(x) 



Now we observe that 

oo 

\v(x) - V n {x)\ < ^ \Vk~Vk-l\ 
k=n+l 

= £ {2c)kP ^ )2k {\x\ + \Ax 2 -» 2 \ + \Bx» 2 \f 



k=n+l 



oo 



< {\x\ + \Ax 2 - 2 \ + \Bx*\) n + 1 E 1 - (k ,„l\ v (M + \Ax 2 - 2 \ + \Bx" 

The series converges. Its sum is less than some constant S{v 2 ) independent of n. We obtain 

Ka;)-i; n (a;)| < S(v 2 )(\x\ + \Ax 2 ~ V2 \ + \Bx V2 \) n+1 . 
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The same holds for \w — w n \. Thus, (103) is 

< 2c S{u 2 ) ( ±-A\s\ + \As 2 ~ V2 \ + \Bs V2 \) n+2 \ds\ < 

JL(x) \ s \ 

Namely: 



2cS(is 2 )P(is 2 ) 
n + 2 



\x\ + \Ax 2 ~ V2 \ + \Bx» 2 \) n+2 



[ -^(s,As 2 -^,Bs l/2 ,v(s),w(s)) ds - [ -^{s,As 2 - v \Bs v \v 

Jl(x) s Jl(x) s 



..(s),w n (s)) ds 



< 2cS{v 2 )P{ V2 ) (3eT+2 



n + 2 



In a similar way, the r.h.s. of (100) is 



~{w(s) - w n (s)) ds 



< 



S{v 2 )P(v 2 ) 
n+1 



Therefore, the r.h. sides of (99) (100) converge on the domain T>(r, v\,v 2 ) for r < min{e',l/3}. We 
finally observe that \v(x)\ and \w(x)\ are bounded on V{r). For example 

°° (n r \k+lp( \2(k+l) 

\v(x)\ < (\x\ + I Ax 2 -- 1 + \Bx*\) J2 (k l^ (1*1 + l^ 2 ^ 2 l + \ B ^ 2 \) k 



k=0 



=:M(v 2 ){\x\ + \Ax 2 - V2 \ + \Bx V2 \) 
where the sum of the series is less than a constant M{v 2 ). We have proved Lemma 6. 



□ 



We note that the proof of Lemma 6 only makes use of the properties of $ and '5 , regardless of 
how these functions have been constructed. The structure of the integral equations implies that v(x) is 
bounded (namely |v(x)| = O(r)). Now, we come back to our case, where $ and ^ have been constructed 
from the Fourier expansion of elliptic functions. We need to check if (92) and T>(r, v\, v 2 ) have non-empty 
intersection. This is true, indeed V{r) is contained in (92), because in (92) the term 3^ is 0(r), while 
in D(r, f\, v 2 ) the term lnr appear, and r is small. 

To conclude the proof of Theorem 3 we have to work out the explicit series (13). In order to do this 
we observe that w\ and v\ are series of the type 



Y, c pM x p (Ax 2 -^y (Bx^y 

p,<2,r>0 



(104) 



where c pqr (v 2 ) is rational in v 2 . This follows from 



u;i(aO = / *(s, As 2 -" 2 ,Bs U2 ^ 

Jl(x) 



ds 



and from the fact that $(x, Ax 2 "" 2 , Bx V2 ) itself is a series (104) by construction, with coefficients c pqr {v 2 ) 
which are rational functions of v 2 . The same holds true for We conclude that w n (x) and v n (x) have 
the form (104) for any n. This implies that the limit v{x) is also a series of type (104). We can reorder 
such a series to obtain (13). Consider the term 

c pqr {v 2 ) x p {Ax 2 - V2 Y {Bx V2 ) r , 

and recall that by definition B — * A . We absorb 16~ 2r into c pqr {v 2 ) and we study the factor 

J^l-r x P+{2-V2)q+v 2 r _ Jfl-r x P+2q+{r-q)v 2 

We have three cases: 

1) r = q, then we have x p+2q —: x n , n = p + 2q. 



2) r > q, then we have x p+2q [jjjS 



=: x n [\x U2 \ m , n = p + 2q, m = q - r. 
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3) r < q, then wc have Ai- T X P+ 2r [Ax 2 -" 2 ] q r =: x n [Ax 2 ^]" 1 , n = p + 2r, m = q - r.. 
This brings a series of the type (104) to the form (13). The proof of Theorem 3 is complete. 

A system of integral equations similar to the one we considered here was first studied by S.Shimomura 
in [37] and [19]. 



NOTES: 



1. (Section 1) 

There are only some exceptions to the one-to-one correspondence above, which are already treated 
in [28]. In order to rule them out we require that at most one of the entries Xi of the triple may be 
zero and that (x , x x , x^) g {(2, 2, 2) (-2, -2, 2), (2, -2, -2), (-2, 2, -2)}. See also Note 2 below. Two 
triples which differ by the change of two signs identify the same transcendent. They are called equivalent 
triples. The one to one correspondence is between transcendents and classes of equivalence. 

2. (Section 2) 

The proof is done in the following way: consider two solutions C and C of the equations (23), (24). 
Then 



(C 00 C- 1 )- 1 e- 2 ^ e ^(C 00 C'- 1 ) 



We find 



a b 
a 



CiC- 1 = 

Note that this matrix commutes with J, then 

U fa b 



a, b e C, a^O 



(z - UiYd = {z- Ui)" 



a 



a b 
a 



(z - u i ) J C l 



We also find 



i) diag(a, 
a ft 
a 



(M > 0), 



a/3 ^ 0; 
a 
P a 



Hi) Any invertible matrix 



if 2^ Z 

(M<0), a^O, if2 M eZ,i?^0 (105) 
if 2fi e Z, R = 



Then 



*) z~ A Oo - z- fl diag{a,p)C 00 = diag(a,/3)^C 



ii) z-^-^Oo = ... = 



al + 



1 



Q 



^r 1 



where Q 



/3 




, or Q 





p 



m) z M Coo = ... = 



Qi 



_1Z 



|2a»I 



where Qo = diag(a,/3), Q±i are respectively upper and lower triangular (or lower and upper triangular, 
depending on the sign of fi), and CqoC*^ 1 = Q 1 + Q + Q_ x 

This implies that the two solutions Y(z;u), Y(z;u) of the form (25) with C v and C v respectively 
[y = 1, 2, 3, oo), are such that Y(z; u) Y(z; u)^ 1 is holomorphic at each m, while at z = oo it is 



Y(z;u) Yiz-u)- 1 



i) G 00 diag(a,/3)G C0 1 
ii) al 
Hi) divergent 



Thus the two fuchsian systems are conjugated only in the cases i) and ii), because in those cases YY^ 1 
is holomorphic everywhere on P 1 , and then it is a constant. In other words the R.H. has a unique 
solution, up to conjugation, for 2\i Z or for 2/i£ Z and R ^ 0. 
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3. (Section 2) 

Note that if = /, then YV =1 Ai is already diagonal. Therefore, there is no loss of generality if, for 
2fi ^ Z, we solve the Riemann-Hilbert problem for given Mi, Mi, M3 with the choice of normalization 
Y(z;u)z> 1 — > / if z — > 00. This determines uniquely Ai, A 2 , A 3 up to diagonal conjugation. Note that 
for any diagonal invertible matrix D, the sum of D~ 1 AiD is still diagonal. 

On the other hand, if 2/j, £ Z and R ^ 0, then Y(z; u) Y(z; u)^ 1 = a, where a appears in (105), case 
ii). Therefore the two fuchsian systems obtained from A(z; u) :— dY/dz Y^ 1 and A(z; u) — dY/dz Y^ 1 
coincide. 

In both cases, A\ 2 {z, u) changes at most for the multiplication by a constant, therefore the same y(x) 
is defined by Ai 2 (z, u) = and Ai 2 (z, u) = 

4. (Section 2) 

R = only in the case 2) of commuting monodromy matrices and fj, integer. 
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